CLEANNESS AND LOG-CHARACTERISTIC CYCLES, I: VECTOR BUNDLES 

WITH FLAT CONNECTIONS 



LIANG XIAO 



Abstract. Let X be a proper smooth algebraic variety over a field k of characteristic zero and 
let _D be a divisor with strict simple normal crossings. For M a vector bundle over X — D with 
a flat connection having possible irregular singularities along D, we define a cleanness condition 
which says that the singularities are controlled by the ones along the generic points of D. When 
this condition is satisfied, we compute explicitly the associated logarithmic characteristic cycle. 
As a corollary of a log-variant of Kashiwara-Dubson formula, we obtain the Euler characteristic of 
the de Rham cohomology of the vector bundle. 
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Introduction 

Let X be a proper smooth algebraic variety of dimension n over C (for simple presentation) and 
let D be a divisor with strict simple normal crossings. We denote U = X — D. Let M be a vector 
bundle over U with a flat connection having possibly irregular singularities along D. We may define 
the Euler characteristic of the de Rham cohomology of M as 

2n 

XdR(M) = ^(-l)Mimcff(C/,M(^f]^) 

i=0 

When X is a projective curve of genus g{X) and Z3 is a finite set of closed points, Deligned and 
Gabber [KatzQOi Theorem 2.9.9] gave a formula to compute the Euler characteristic: 

XdR(M) = rank(M)x({/) - ^ Irr,(M), 

xeD 

where x{U) = 2 — 2g{X) — is the topological Euler characteristic of U and Irr2;(M) is the 
irregularity of M at x. 
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This formula says that the Euler characteristic of M is given by some geometric information (the 
first term) corrected by some ramification information (the second term). It is a natural question 
to ask for higher dimensional analogues of this. 

The first step was taken by Kato |Kato94| , where he gave a higher dimensional analogue of the 
formula above for line bundles with fiat connections, under some cleanness condition. For example, 
when X has dimension 2 and the irregularity of M along each irreducible component Dj is Tj , then 
the Euler characteristic of M is 

(0.1) XdR(M) = rank(M)x(C/) - ^ r,x(i?°) + ^ r,ry{D, ■ D,,) 

where D° = Dj\{Uj'^jDj'), {Dj ■ Dj/) is the intersection number, and x{-) is the topological Euler 
characteristic. 

The cleanness type condition is necessary for such kind of formula. However, to rigorously 
define what cleanness means is very subtle. We start by explaining how to understand the meaning 
of the cleanness condition. A caveat is that these points of view lead to inequivalent definitions 
of cleanness; we list them from the strongest to the weakest. (Proofs maybe found in Section 2: 
Theorem [2X10] for (1)=^(2), Theorem [2X12] for (2)^(3), and Proposition [3X1 for (3)^^(4).) 

(1) At the formal neighborhood of each closed point of X and up to a tamely ramified extension, 
M has a "good formal structure" (see [KedlOb, Kcdll ); vaguely speaking, it can be written as a 
direct sum of some differential modules which are tensor products of regular differential modules 
with some "simple and explicit" rank one (irregular) differential modules. 

(2) At the formal neighborhood of each closed point oi X, the function(s) parameterizing irreg- 
ularities along exceptional divisors of toroidal blowups are linear, if appropriately normalized. This 
is a weak version of Kedlaya's "numerical cleanness" jKedlOb| Theorem 4.4.2]. 

(3) The ramification of at each closed point of D is "controlled" by the ramification at generic 
points of D. In particular, there is no expected contribution to the Euler characteristic from codi- 
mension > 2 strata. This is the cleanness condition we will work with throughout this paper. One 
expects this definition generalize to analogous positive characteristic situation. (See [?].) 

(4) In terms of log-characteristic cycle, cleanness should imply that the log-characteristic variety 
associated to M consists of only zero sections of the log-cotangent bundle and some line bundles 
over D; in other words, there is nothing of relative dimension > 2 over a point on X . 

The aim of this paper is to generalize Kato's result to vector bundles of arbitrary rank. (See 
Theorem l3 . 1 .41 and Corollarv l3 . 1 .51 for the precise statement.) Roughly speaking, in computing Euler 
characteristic, we may "pretend" that the differential module is a direct sum of rank 1 modules with 
specified ramification properties. (But note that the corresponding r^-'s in ()0.1|) may not be integers 
any more. So it is a priori not clear why we get an integer.) 

The basic strategy is to compute the log-characteristic cycles of M explicitly and then obtain 
the Euler characteristic from a log- variant of Kashiwara-Dubson formula. As pointed out in (4), 
the log-characteristic cycle will be zero sections of the log-cotangent bundle and some line bundles 
over D. (They are usually not the conormal bundles of the divisors because of the log-structure. 
See Caution 11.2.41 ) The multiplicities of these line bundles are determined by the irregularities, 
and the position of the line bundles in the log-cotangent bundle is determined by so-called refined 
irregularities. When computing the Euler characteristic, the positions of these line bundles no longer 
matter and hence, the refined irregularities do not show up in the final form of the Euler characteristic 
formula. 

There are several essential difficulties we need to overcome. 

(a) The theory of logarithmic P-modules is not entirely classical. For one thing, the push- 
forward of M from U to X may not be Pj^^-coherent. (The trouble comes from the piece with 
regular singularities; see 11.2.31 ) For another, we do not have the log-holonomicity (since we do 
not even have coherence at first place) and Bernstein inequality. To get around this issue, we 
define log-holonomicity and log-characteristic cycles to be the "limit" over all finitely generated 
2?|^^-submodules. We prove by a trick of Bernstein that holonomicity implies log-holonomicity (in 
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the above sense). Then we show that the log- variant of Kashiwara-Dubson formula works just as 
the usual one, but using the new log-characteristic cycles. 

(b) Kato worked with line bundles, where one can choose a generator of the line bundle and 
everything may be written down explicitly. When working with higher rank vector bundles, one has 
to use the full power of the theory of differential modules, developed by Kedlaya and the author 
[KX101lKedT0bl|Xi09-H| . We prove that the descriptions of cleanness satisfies (1) (2) =^ (3) ^ (4). 
(We also point out that the first two implications are strict, but (2) <^ (3) at those points which are 
intersections of exactly n irreducible components of D. See Remark l2.3.11l ) 

(c) The computation of log-characteristic cycles is more delicate than Kato's original computa- 
tion. In our case, we need to first compute the underlying variety of the (log-)characteristic cycles; 
for this, one need to pass to the formal neighborhood of a closed point and check that, over this 
point (not the formal neighborhood), the log-characteristic variety agrees with the conjectural one 
obtained from refined irregularities. This proves the equality on characteristic varieties. To get the 
multiplicities, we pass to the generic points of D and do a more careful study in this case. 

The cleanness condition is a very strong condition to impose on X. Kedlaya [KedlObi IKedllj 
and independently Mochizuki |Mo08-|-| proved that there exists a proper birational morphism / : 
X' ^ X which is an isomorphism when restricted over U, such that f^^{D) is a divisor with simple 
normal crossings and f*M has a good formal model on X' (i.e., satisfying condition (I)). But one 
does not have control over how bad / could be over D. For example, it is still open that this morphism 
/ may be taken functorially with respect to smooth morphisms. From another point of view, this 
is a type of (weak) resolution of singularities for M, that is to find a "good compactification" of U 
(where M lives on) so that all the ramification information of M is exposed in codimension I strata. 

As the first paper in a sequel, we mention that there are similar stories over a field of character- 
istic p > 0, considering lisse ^-adic sheaves or overconvergent F-isocrystals. See [?] for more details. 
However, we restrict ourself to characteristic zero in this paper. 

Structure of the paper. In Section I, we study the theory of logarithmic P- modules. We give the 
definition of log-holonomicity for not necessarily finitely generated Pj^^-modules and define log- 
characteristic cycles for vector bundles with flat connections. In Section 2, we first review the theory 
of nonarchimedean differential modules and make some generalizations for our need. Then we define 
various cleanness conditions and discuss their relations. In Section 3, we state and prove the main 
theorem, which compute the log-characteristic cycles of vector bundles with fiat connections under 
the cleanness condition. 

Acknowledgement. We thank Kiran Kedlaya for helpful discussions and sharing ideas. We thank 
Kazuya Kato for his groundbreaking paper |Kato94| , on which the calculation of this paper is based 
on. We thank Matthew Morrow for suggesting the lecture notes on P-modules by Braverman and 
Chmutova, which inspired the proof of Theorem 11.3.11 We thank Adriano Marmora and Jerome 
Poineau for organizing the wonderful conference on Berkovich space andp-adic differential equations; 
it stimulates the current project. We thank Daniel Caro, Dennis Gaitsgory, Bin Li, Chenyang 
Xu, Zhiwei Yun, and Weizhe Zheng for inspirations and interesting discussions. I thank Tsinghua 
Mathematics Science Center and Morningside Center of Mathematics for their hospitality when I 
visited, during which time I started to work on this paper. 

Notation and convention. 

Throughout this paper, we use k to denote a field of characteristic zero. We use N to denote 
the set of nonnegative integers. 

For an integral (formal) scheme X over k, let Ox denote the structure sheaf on X and let k{X) 
denote the field of rational functions on X. We use \X\ to denote the set of closed points. Over 
an affine (formal) scheme X, we freely use the same notation to denote a quasi-coherent sheaf and 
its global section, and we will freely interchange the two ways of presentations. For X affine and 
u e Ox, we use V{u) to denote the closed (formal) subscheme associated to Ox/{u). When X is 
affine, for x a closed point of X, we use m^; to denote the maximal ideal of Ox corresponding to x. 
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A smooth pair {X, D) consists of an irreducible smooth variety over k and a divisor D with 
strict simple normal crossings. A morphism / : {X', D') — > {X, D) between two smooth pairs is a 
morphism f : X' ^ X of varieties such that f{D') C D. Given a smooth pair {X,D), we equip 
it with the natural log-structure. If Dj is an irreducible component of D and is the union of 
other irreducible components of then (Z3j, Dj n D'p) is again a smooth pair (with the natural log 
structure). 

Unless otherwise stated, all differentials and derivations are continuous, and are relative to k. 

We will frequently say vector bundles to mean locally free sheaves of finite rank. For a locally 
free coherent sheaf J- over a scheme AT, we let Sym^^ denote the sheaf of symmetric algebra over 
] the associated scheme is just the vector bundle associated to J-. A connection V on a vector 
bundle M over a smooth scheme U is called integrable if the composition of V with the induced 
morphism V'-^-' : M®n\j M®nfj is zero. Here we choose to use the notation "integrable" instead 
of "flat" because we want to avoid the confusing with the algebro-geometric meaning of flatness. 

In this paper, we only implicitly use non- logarithmic cycles/varieties in Subsection 11.31 Aside 
from this, we will exclusively discuss logarithmic cycles/ varieties. We will try to emphasize this as 
often as possible. But we sometimes give in for simpler notation, e.g. Car(M) and ZCar(Af). 

1. Log-characteristic cycles 

1.1. General framework of characteristic cycles. We discuss some slightly general framework 
of filtered rings and their characteristic cycles. The results here are elementary and are probably 
in the literature (e.g. |Lau83| ). but it might be hard to extract the exact statements we need. For 
completeness, we reproduce them here for the convenience of readers. 

We do not have to assume the base field has characteristic zero. One can check that all state- 
ments work for positive characteristics too. 

1.1.1. Filtered rings. Let (Z3,fil,£') be an increasingly filtered possibly non-commutative /c-algebra. 
We assume the following: 

(i) fiULi = if a < 0, £> = U„>ofila£'; 

(ii) gr,I? is a commutative noetherian fc-algebra (which implies that D itself is noetherian). 

A homomorphism / : [D' ,fi\,D') — ^ {D,fi\,D) between two such filtered fc-algebras is called 
strict if the filtration on D' is exactly the filtration induced by /. A homomorphism / : (£)', fil,Z3') — ^ 
(il',fil,r') induces a homomorphism gr, : gr.D' gr,D. 

We often write Dq for filoi^; it is a commutative noetherian fc-algebra. 

A standard example to keep in mind is the ring of differential operators 2?x defined later. 

1.1.2. Definition. For M a Z3-module, a filtration fil.Af on M is called admissible if 

(i) fiUM = when a < and M = UaM^, 

(ii) each is Do-coherent, and 

(iii) fiUD ■ fil,3M C m^+pM. 

We call it good if it is admissible and it satisfies either of the following equivalent conditions: 

(iv) gr.M is a finitely generated gr.D-module, or 
(iv') There exists e N such that, for any a G Z, 

fiUM ^ ^AnD ■ fila-wM + • • ■ + filiL» ■ fiU_iM. 

1.1.3. Definition. Let M be a finitely generated D-module. It is well-known that M has a good 
filtration fil.M. Define the characteristic variety Car(M) = Car£i(il/) to be the support of gr.Af 
as a gr, 13- module; it is a closed subscheme of Spec(gr,Z3). We define the characteristic cycle to be 

ZCar(Af) = ZCarz5(A/) = ^ length(gr.(Af)^)M, 

where the sum is taken over all generic points 77 of irreducible components of Car(Af). These do not 
depend on the choice of good filtrations. (See for example, |HTT081 Lemma D.3.1]) 

1.1.4. Remark. If Af' C Af is a sub-D-module, we have Car(Af' ) C Car(Af). Note that this 
does not imply that the generic points of Car(Af') is a subset of those of Car(Af). If moreover 
Car(Af') = Car(Ar), the multiplicity of ZCar(A<f) at each generic point of Car(Af) is greater or 
equal to the corresponding multiplicity of ZCar(Af'). 
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1.1.5. Lemma. Let f : {D,ti\,D) — > {D' ,ii\,D') be a strict morphism as in \1.1.2\ such that Dq is 
flat over Dq and gr,/ induces an isomorphism gT,D' ~ gr,I? (8i_Do D'q. We write 

g : Spec(gr,D') = Spec{gT,D) Xgpec(i3o) Spec(L'o) Spec(gr,i:') 

for the natural projection. For M a finitely generated D -module, we denote M' — D' >S>d M . Then 
we have ZCar(M') = g*(ZCar(M)). 

Proof. By induction on a and using the flatness of Dq over Dq, the homomorphism / induces natural 
isomorphisms Dq SiaD ^ tiicD' as left D'^-modules for each a G Z. This implies that, we have 
D'q (8)£Jq Z) ~ D' as left D'q- and right 15-modules. As a consequence, we have a natural isomorphism 
Dq M M' as left Dg-modules; we identify them. 

Now, we choose a good filtration fil.M on M with respect to D. We define a filtration on M' 
(under the identification) by fil^Af = Dq^jj^ fil^M, for all a € Z. This filtration obviously satisfies 
conditions (i) and (ii) of Definition 11.1.21 Moreover, we have gr,M' ~ Dq gr,M. Hence, to 
check Definition ll.l.2f iii). it suffices to prove that the action of gr,D' ~ Dq i^d^ gr,D on gr,M' 
is the one induced by the action of gr.I? on gr,M. Indeed, this follows from the fact that for any 
a G Z, any x G GlaD and any a G D'q, we have xa — ax G fila-iD' ~ D'q (E)Do fila-i^- This shows 
that fil.M' is a good filtration. 

The fact that gr.M' ~ D'q gr.M implies that Car(Af') = 5"i(Car(M)). Since g is flat, 
it satisfies the Going-down property f jEis95[ Lemma 10.11]). So, if an irreducible component of 
Car(M) in Spec(gr,I?) intersects with the image of g, its generic point must be in the image too. 
Hence, we have ZCar(M') = 5*(ZCar(Af)). □ 

We record the following homological algebra result for future reference. 

1.1.6. Proposition. Let (_D,fil,£') be as in \1.1.2\ and assume that gi^D is regular of pure dimension 
n over k. Let M be any finitely generated left D-module. Then we have 

min{j I Exti(Af, D) ^ Q} = n - dim(Car(M)). 

Proof. This is classical. See for example |Alg-D[ Theorem V.2.2]. □ 

1.1.7. Remark. A standard trick using the above proposition is due to Bernstein: one takes two 
different filtrations fil, and fil', on D such that gr,I? and gr^Z? are both regular of pure dimension 
n over k. For a finitely generated left Z?-module, we may compute two characteristic cycles Car(M) 
and Car'(M) separately with respect to each of the two filtrations on D. Then dim(Car(M)) = 
dim(Car'(M)) because they both equal to a number independent of the choice of the filtrations. 

1.2. P-modules and logarithmic variants. In this subsection, we recall the definition of char- 
acteristic cycles for algebraic l?-modules and their logarithmic variants. We warn the readers that 
the theory for logarithmic characteristic cycles is not entirely classical. For one thing, the log- 
arithmic P-modules associated to a vector bundle with an integrable connection are not finitely 
generated logarithmic 2?- modules (see Caution ll.2.3p : for another, even without the first issue, the 
log-holonomicity is quite delicate and is not even defined (see also Caution ll.2.41) . 

1.2.1. Local setup. We consider the following three local situations at the same time. Let m < n be 
two natural numbers. 

(a) (Geometric) Let X be a smooth affine variety with local parameters xi, . . . ,Xn, that is 
an etale morphism p : X A", where standard coordinates of A". Let D = 
p~^{V{xi ■ ■ ■ Xm))- Then {X, D) form a smooth pair. 

(b) (Formal) Let X — Spec(i?„,o) with i?„_o — k\xi, . . . , x„]] and let D — V{xi ■ ■ ■ Xm)- 

(c) (CDVF) Let X — Spec(fc(_D)|a;i]]), where k{D) is a finite extension of k{x2T ■ ■ ,Xn) and 
D — V{xi). We set m = 1 in this case. 

In either case, we denote U — X — D and j : U ^ X the natural morphism. We have 
il^ ~ ®"=i Oxdxi. Its Ox-dual is the sheaf of differential operators of order 1, with dual basis {di = 
9/9a;,;)i=i^...^„; they are mutually commutative derivations. The sheaf of logarithmic differential 
forms is 

rn J ni , n 

n\{\ogD)=n\+^Ox—^^Ox—(B Oxdx.. 

2—1 i—l 2— m+1 



6 



LIANG XIAO 



An Ox-dual basis of nx{logD) is given by xidi, . . . , Xmdm, dm+i, ■ ■ ■ , dn] they are also mutually 
commutative derivations. 

By taking to the completion at a closed point, one can pass from (a) to (b); by taking the 
completion along the generic point of Di, one can pass from (a) or (b) to (c). 

1.2.2. Definition. Keep the notation as above. Let I?^"^-* be the sheaf of rings of (logarith- 
mic) differential operators on X (over fc); it is generated by Ox a-ud derivations 9i, . . . ,9„ (resp. 

We define the filtration 2?x°»'' C^"^'' given by the order of differential operators, i.e. 'D'^xu ~ 
as a differential operator has order < n}. In particular, I'x°n'' = if n < 0. The 
filtrations induce canonical isomorphisms 

gT,iVx) ^ Sym'ajn]^''), gT,{V'°^) ^ Sym^^ (f)^(logi?)^) 

We define the the logarithmic cotangent bundle to be T*X^°^ = Spec(Sym(f2^(logI?)^)). 

Now, we may apply the discussion of previous subsection to define, for a finitely generated T^'^- 
module M, its logarithmic characteristic cycle ZCar(Af ). (Here we omit the superscript log because 
we will exclusively study logarithmic characteristic cycles in this paper.) 

1.2.3. Caution. Given M a vector bundle over U with an integrable connection, it is not true in 
general that j*M is a finitely generated 2?|^^-module! For example, if M = On is the structure 
sheaf with trivial connection, j^Ofy is not coherent unless U = X. Vaguely speaking, the nature of 
this trouble is caused by "regular part" of M; whereas the "irregular part" of M is considered good. 
To get around this trouble, we need to extend the definition of log-holonomicity to not necessarily 
finitely generated P^^-modules. (See Definition 11.2.61 ) 

When M is known to be regular along an irreducible component of D, one can avoid this 
non-finitely generated issue by taking the so-called Deligne-Malgrange extension. However, in the 
situation of mixing regular and irregular, we do not know any sensible way of extending the vector 
bundle. An even worse scenario is when M is irregular along some irreducible component of D 
generically, but when restricted to some particular curve (meeting this component transversally) , M 
becomes regular. 

1.2.4. Caution. We also remark that the Bernstein inequality fails for logarithmic 2?-modules. For 
example, X = Spec(fc[a;]), D = V{x), and M = ^k[x]/k[x] « k. It is a P|^^-module (but not a 
I?x-inodule) because V^x^ is generated by xdx (instead of 9a;). One computes easily that ZCar(X) 
is just the original point of T*X^°s, which has dimension 0. 

Gaitsgory pointed out to me that the failure of Bernstein inequality is related to the fact that the 
Poisson structure on 

T*X^°s is degenerate over D. Moreover, the degeneration of Poisson structure 
is also reflected in that irreducible components of the characteristic variety are not positioned to be 
conormal bundles. 

Another minor point is that taking log-characteristic cycles may not be additive for direct sums 
of "log-holonomic" 2?J^^-modules because the lower dimensional pieces might be "eaten up" by bigger 
dimensional ones; but the Euler characteristic is still additive. 

1.2.5. Definition. Assume that we are in the geometric local situation ll.2.1f a). Let M be a (not 
necessarily finitely generated) 'D^^-module. We say that M is log-holonomic if for any finitely 
generated Pj^^-subniodule Mq C M, we have dimCar(Mo) < n. Because of the lack of Bernstein 
inequality fCaution ll.2.4|) . this inequality may be strict. 

When M comes from a vector bundle with an integrable connection, one can refine this definition 
and define log-characteristic cycles. 

1.2.6. Definition. Assume that we are in the local setup [L2T] Let M be a vector bundle over U with 
an integrable connection. We choose a coherent Ox-submodule Mq of j^.M such that MqIjj = M . 
Let Afo = I?x^ • Mq denote the P^^-submodule of j*Af generated by Mq; it is automatically a 
coherent Pj^^-module. Define the log- characteristic cycle of j*M to be ZCar(j,tA/) := ZCar(Afo), 



CLEANNESS AND LOG-CHARACTERISTIC CYCLES, I: VECTOR BUNDLES WITH FLAT CONNECTIONS 7 



the log-characteristic cycle of Mq as a P^^-module. This is independent of the choice of Mq by 
applying Lemma 1 1 . 2 . 71 below. 

1.2.7. Lemma. Let M be a vector bundle over U with an integrable connection. As above, we 
choose coherent Ox-submodules Mq and Mq of j^M such that Mq\u = Mq\u = M, and we form 
Mo = V^x^ ■ Mo and M^^ = V^^ ■ M^. Then, we have ZCar(Mo) = ZCar(M^). 

Proof. First, there exists N e N such that (xi • • • a;„)^Mo C M^ C {xi ■ ■ ■ Xm)'^ Mo- By Re- 
mark 11.1.41 (first matching the supports of two cycles and then checking the multiplicity at each 
generic point), it suffices to prove the lemma for the case Mq = {xi ■ ■ ■ Xm)^ Mo for any iV e N. 

Consider the homoniorphism cj) : M M given by (f>{x) = {xi---Xm)^x. It induces an 
isomorphism between Mq and Mq. We have (t){xidi{x)) = Xidi{4){x)) — Nip{x) for i = 1, . . . , m and 
Xidi{(j){x)) = 4>(xidi(x)) ioY i = m + \, . . . ,n. 

Note that, for a G N, V^^^ is also generated over Ox by polynomials in xidi — N, . . . , x^dm — 
N, dm+i, . . . , 9„ of degree < a. This implies that 0(2'x^„ • Mq) — V^x^^ ' ^^o- particular, <j){Mo) ~ 
Mq. We take a good fihration fil.Mo = • ^^o of Mq- Then fil', := (/i(fil,Mo) is also a good 

filtration for Mq. 

Moreover, for any a e Z, i = 1, . . . , m, and any a G filaAfo, we have <j){xidi{a)) — Xidi{<j){a)) = 
—N(t){a) e {lY^Mq which dies in gr^^^^Afp. Hence the action of Xidi (for i = 1, . . . , n) is compatible 
with the isomorphism gr,0 : gr.Mp — )> gr,A/Q. In other words, gr,0 : gr.Afo — > gr.A^Q is an 
isomorphism of gr,2?J^^-modules. The statement of the lemma follows. □ 

1.2.8. Remark. It would be interesting to know if one can define logarithmic cycles for a more 
general class of holonomic 2?x-modules. (See also Theorem ll.3.11 ) 

Also, it would be interesting to know if Car(j„Af) always has pure dimension n. We will prove 
in Theorem 13.1.41 that this is the case if M is clean in the sense of Definition 12.3.61 

1.2.9. Corollary. Assume that we are in one of the following situations: 

(i) We are in the geometric local setup [L2. iV a) . Let z be a closed point o/p~^({0}). Then we 
have a natural morphism g : X' ~ SpecC^ ^ X ; g*M may be viewed as a vector bundle over 
U' ~ Spec(C';^ ^[1/xi - ■ ■ Xm\) . Write j' : U' X' for the natural embedding. 

(ii) We are in geometric or formal setuv [L2.lY a)fb). Let rji denote a generic point of Di. We 
consider the natural morphism g : X' = SpecO;^ X ; g* M may be viewed as a vector bundle 
over U' — Spec{k{X)^''^^) . Write j' : U' ^ X' for the natural embedding. 

(Hi) We are in any local situation ] L 2. 11 Let X" be etale over X and let X' — Spec^Cx" [a^i^''^ , . . . ,xlr 
for some positive integers hi, ... , hm- We have a natural morphism g : X' ^ X and g* M becomes 
a vector bundle over U' — Spec(C'x' [l/^^i ' ' ' ^/^m]) j write j' : U' ^ X' for the natural embedding. 

Then we have ZCa.r{jlg*M) = g* {ZCa.r (j^M)), where g : T*X'^°^ t*X^°^ is the natural 
morphism. 

Proof. This follows from combining Lemma 11.1.51 with Lemma 11.2.71 □ 

1.2.10. Global situation. Let (X,D) be a smooth pair, i.e., X is a smooth variety of dimension n 
over k and = IJ Dj is a divisor with strict simple normal crossings, where Dj are irreducible 
components of D. Denote U = X — D. Here strict simple normal crossings means that we can cover 
X by open subvarieties {Vi}, each of which is as in the geometric local situation II. 2. iT a). For each i, 
let ji : Vi r\ U ^ Vi he the natural embedding. By Corollarv 1 1 . 2 .9f iii) . the definition of logarithmic 
cotangent bundle on each Vi glues and gives the logarithmic cotangent bundle T*X^°^. Also, there 
is a quasi-coherent sheaf of fc- algebras whose restriction to each Vi is V^y^ . 

1.2.11. Definition. Let Af be a vector bundle over U with an integrable connection or a coherent 
2?x^-module. We define the log- characteristic variety (resp. log- characteristic cycle) of j*Af or M to 
be the subvariety (resp. cycle) of T*X^°^ whose restriction to Vi is the log-characteristic variety (resp. 
log-characteristic cycle) of j*(Af|v'.n;7) or M\vi. We denote them by Car(j*A^) and 7jGai{i^,M) or 
Car(Af) and (ZCar(A4^)), respectively. 
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1.3. Holonomicity v.s. log-holonomicity. In this subsection, we study the relation between 
holonomicity and log-holonomicity. The goal of this subsection is to prove the following. 

1.3.1. Theorem. Assume that we are in the geometric local situation ] 1. 2. lY a). Let M he a holonomic 
"Dx-module, and hence also a (not necessarily finitely generated) T)^^^ -module. Then as a 2?^^- 
module, M is log-holonomic in the sense of Definition \ 1.2. 51 

Proof. The proof uses a standard trick of Bernstein, which we found in the lecture notes of Braverman 
and Chmutova [BC| . We thank them for sharing their deep understanding of algebraic P- modules. 
We first prove this theorem when X = A" and D = V{xi ■ ■ ■ Xm)- In this case, 

Vx = k[xi,...,Xn]{di,...,dn} and dJ^^ ^ k[xi, . . . ,Xn]{xidi, . . . ,Xmdm,dm+i, ■ ■ ■ ,dn}, 

where the curly brackets mean that the corresponding fc-algebras are not commutative and the gener- 
ators satisfy natural relations. We provide the two fc-algebras with new filtrations: for a S N, fil^Cx 
is the fc-vector subspace of T>x generated by si • • • Sq, where each Si G {xi, . . . , a;„, 9i, . . . , 9„}; and 

fil^2?|^^ is the fc-vector subspace oiV^^ generated by si • • • Sa, where each Si G {xi, . . . , a;„, xidi, . . . , Xmdm, dm+i, ■ ■ ■ , dn}- 
In other words, we require each Xi to have degree 1 instead of 0. With respect to the new filtrations, 
we have 

gr'.Px = k[xi, Xn, fi, • ■ ■ , 6i] and gr',2?}^*^ = k[xi,. . . , a;„, ^,J,°s], 

where is a proxy of di for each i and is a proxy of Xidi ii i < m and of di Hi > m. In 
particular, they are all free commutative polynomial rings with 2n variables. 

By Proposition 11.1.61 and Remark 11.1.71 we know the holonomicity of M with respect to the 
filtration ti\','Dx and we need only to prove that, for any finitely generated Pj^^-submodule Mq C M, 
we have dim(Car'(Mo)) < n for the new filtration m',D^°^. 

Now, applying (the argument of) the numerical Lemma 11.3.21 below to Vx and M, we get 
a filtration fil^M good for fd'^Vx such that dim^ fil'^^M < ca" for all a £ N and for some fixed 
constant c > 0. Then for any finitely generated 2?}^^-submodule Mq C M, we define a filtration by 
fil^Afo = fil2Q-^^ l~l ^0 for any a e Z; it is admissible (but almost never good). However, we have 
dimfc fil'^Mo < dim^ fil2Q,M < c • 2" • a" for all a G N. Apply the other direction of Lcmma ri.3.21 we 
have dim(Car'(Mo)) < n. 

Now, we reduce the general case to the special case we studied above. First, we recall that X 
comes with an etale morphism p : X — > A". It is well-known that p*M is still holonomic for 
and hence the above argument implies that p,Af is log-holonomic for X'^f. By Lemma [l.l.Sf a). 
we know that p*p^M is also log-holonomic for V^^. The natural homomorphism M — > p*p^M is 
injective, yielding the log-holonomicity of M itself. □ 

1.3.2. Lemma. Let (D, fil,I?) be an abstract filtered k-algebra as in \LLl\ such that gi\D ~ fc[a:;i, . . . , X2n] 
is a free commutative polynomial algebra with 2n variables. Let M be a finitely generated D-module. 
Then for any r G N, dim(Car(A/)) < r if and only if there exists an admissible filtration fil.M on 
M and a constant c G M>o such that 

dimfe(filQM) < ca^ , for all a>l. 

Proof. We found this lemma in the lecture notes on algebraic P-modules by Braverman and Chmu- 
tova jBCi Corollary 2.10]. Since this is not a proper reference, we include the proof here. 

We first assume that dini(Car(M)) < r. We provide M with a good filtration and the condition 
implies that the function h{a) = dimfc(filQ,M) is the Hilbert polynomial for gr,M when a ^ 0. In 
particular, h[a) = cia'*-!- lower degree terms, where s = dim(Car(Af)) < r. This gives the estimate 
we want. 

Conversely, if dim^ filo-M < ca^ for some admissible filtration fil.M. Choose /3 G Z such that 
fil^M generates M (as a left D-module) and define a (good) filtration on M by fil^M = filo-M if 
a < ^ and fil'^M = fiU-^gZ) • fil^gM if a > /3. Now, dimfc(fi4M) < dimfc(filaM) < ca'' if a > 1. By 
the Hilbert polynomial argument above, we have dim(Car(Af)) < r. □ 



1.3.3. Remark. In the formal or CDVF situation ll.2.1f b)(c). we do not know whether the analogous 
Theorem [rO still holds. 
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1.4. Logarithmic Kashiwara-Dubson formula. The classical Kashiwara-Dubson formula ex- 
presses the Euler characteristic of the de Rham cohomology of a holonomic -module in terms of 
the intersection number of the characteristic cycle with the zero section of the cotangent bundle. 
However, its logarithmic variant is more delicate because we need to deal with Pj^^-modules which 
are not finitely generated. We restrict ourself to the case of P^^^-modules coming from a vector 
bundle with an integrable connection (see Theorem II. 4. 8p . 

1.4.1. Theorem (Kashiwara-Dubson). Assume that X is proper and M is a coherent log-holonomic 
Tlx -module. Then the Euler characteristic of the log-de Rham cohomology of M is 

2n 

XdR(M) :=^(-l)Mimff(X,M®f7^(logD)) = (-l)".deg([X],ZCar(Af))T.xi°., 
1=1 

where [X] is the zero section and {■, ■)x'x^''ii intersection in T*X'°s. 

Proof. This theorem is still in the classical realm; its proof may be found in many references (e.g, 
|Lau83) ). □ 

1.4.2. Remark. Assume that we are in the global situation 11.2.101 Let M be a vector bundle over 
U with an integrable connection. By Lemma [1.2.7[ we know that ZCar(jH,M) is well-defined and 
does not depend on the choice of the coherent Pj^^-submodules Mq of M. One may try to naively 
take the direct limit of the above theorem over all such Mq to compute the Euler characteristic of 
j*M. However, one has to verify that each cohomological group stabilizes in the direct limit. This 
is the content of the rest of this subsection. More precisely, we want to show that for "sufficiently 
large" Mq, the natural morphism Mq ® Vt'^ilogD) j^:M ® Vt*^{\ogD) is a quasi- isomorphism. For 
this, we work locally. 

1.4.3. Proposition. Assume that we are in the geometric local situation \1.2.lY a). As in Defini- 
tion \1.2.'6[ let Mo be a coherent O x -suhmodule of j^M such that Mq\ij — M . Denote Mq = V^^^ -Mq. 
Then for an integer N 0, the natural morphism 

(1.1) {xi ■ ■ ■ x^y^Mo (g) n'x{\ogD) j,M ® n'xihgD) 
is a quasi-isomorphism. 

We will prove this proposition in ll.4.71 but we need a lemma first. 

1.4.4. Notation. For a /e-variety V ^ we use ZrK(Pv) to denote the Grothendieck group of the 
category consisting of coherent Cy-modules whose supports have dimension < r. 

1.4.5. Notation. For A = (Ai, . . . , A„i) e N™ (or simply TV if Ai = • • ■ = A^ = N), we denote 

Ma - x^"-^ ■ ■ ■ a;-^'"Mo = ■ (a^r^' ' ' ' Xra'^Mo) . 

For A — (Ai, . . . , A,,,.) G N™, we have a natural isomorphism (t>\ : Mo — )■ A'I\ sending z M> 

Xi''^^ ■ ■ ■ x^'^z for z G Mo, and we have Xidi{(l)\{z)) — (j>\{xidi{z)) ~ \icj)\{z) for i = 1, . . . , m and 

diiipxi^)) — 4'x{di{z)) for i = m -f 1, . . . , n. This identifies M\ with Mq except the action of Xidi is 
shifted by — A^ for i = 1, . . . , m. 

1.4.6. Lemma. For any i G {1, . . . ,to}; there exists G N such that the complex 

(1.2) Mx^^xi'^ogD) -> xi^Mx®^'x{\ogD) 
is acyclic if Xi > N. 

Proof. We may assume that i = 1. By log-holonomicity Theorem 11.3.11 picking a good filtration 
fil.MA on Ma and taking graded modules give rise to an element 9Jlo G ZnK{OT*x^°s); it does not 
depend on the choice of the good filtrations. Denote 

= Ox/{xi)— © • • • ® Ox/{xi)— © Ox/{xi)dx„,+i ® ■ • • © Ox/{xi)dxn; 

X2 
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it corresponds to a closed subschemc [X'] = Spec(SyniQ^/(^^-,(ri'^)) of the log-cotangent bundle 
r*Xi°g. For s = 0, . . . , n - 1, we denote 17'^ = A' ^' ■ 
We first consider the complex 

Cone(MA® f^" ^ x^^Mx®n")[-l]] 
we give each of its terms a filtration by 

fil„((a;i)-*MA®r!'^) := (xi)-^fiW,MA ® ^!'^ 
where (5 G {0, 1} and s G {0, . . . , n — 1}. Then the graded complex gr.K* is exactly the Koszul com- 
plex for [X'] C T*X'°s tensored with gr,AfA. Hence the image of the cohomology groups H'(gr,K') 

in K{0[x']) actually lies in Zf)K{0[x']) because the class 93to of gr.MA lies in Z„if(C'j-.xiog). This 
implies that the cohomology groups H* (K*) are also finite dimensional. In particular, when A = 0, 
there exists iV G N such that no eigenvalues of xidi acting on H*(Kq) are integers greater than or 
equal to N. 

We need to show that the same holds for all A G N™. Note that the isomorphism does not 
induce a morphism between the complexes K* and K"; however, it does induce an isomorphism on 
the graded level: 

gr.(K^)i::^gr.(K^). 

The action of xidi is compatible with gr,0A in the following way: xidi{gT ,<j)\{z)) = gT^(f)\(di{z)) — 
XigT^(j)\{z) for any z in gr, (K*). By our choice of N, we see that, when Ai > iV, the action of 
xidi is invertible on the cohomology H*(gr,K*), and hence is invertible on H'(K'). Note that the 

complex (|1.2p is isomorphic to K* ^ K', and hence acyclic. □ 

1.4.7. Proof of Proposition \'H.3\ To prove the proposition, it suffices to prove that for an integer 
n ^ 0, the natural morphism Af„ ® ^'xilogD) Mn+i <E) ri^(logZ?) is an quasi-isomorphism and 
then taking limit implies that (jl.ip is a quasi-isomorphism. (Note that M„ as an Ojf-submodule of 
j*M is xi • • • Xfn torsion free and hence, the limit is taken termwise on the complex.) 

We take iV G N that Lemma [1.4.61 works for alH G {1, . . . , m}. Then for any n > N, we have a 
quasi-isomorphism 

Mj,(E)n*x{\ogD) 4 x^^Mn<E>^l*xi^ogD) 4 • • • 4 (xi • ■ ■ x^)-'^M,_,(S)n*x{\ogD) = iV^+i ® f^^QogZ?). 
This finishes the proof of Proposition 1 1 . 4 . 3l 

1.4.8. Theorem. Assume that we are in the global situation \1. 2. 10\ and assume that X is proper. 
Let M be a vector bundle over U with an integrable connection. Then the Euler characteristic of M 
is 

In 

XdR(M) := ^(~l)Mimff (C/,M® f}^) = (-1)" • deg([X], ZCar(j;M))T.jfio. 
1=1 

Proof. We first note that H'(C/,M ® ~ H*(X, ® f7^(logD)). Now, we take a coherent 
Ojf-submodule Mq of j*M. By Proposition ll.4.3[ there exists G N such that if we denote 
Mat = V^x • (^o(^-D)), the natural morphism ® Q.'x^ogD) j^M (g) f^^(logD) is a quasi- 
isomorphism. The statement follows from classical Kashiwara-Dubson formula: 

2n 2n 

xMM)^Y.^~lYdimll'{X,j,M<i^n'j,ilogD)) ^Y^i-^y^^'^^^'i^^^^ 

i=l i=l 

= (-1)" •deg([X],ZCar(Mjv))T*jf.°. = (-1)" • deg([X], ZCar(j,M))T.xio,. 

□ 

2. NONARCHIMEDEAN DIFFERENTIAL MODULES 

In this section, we first recall the theory of nonarchimedean differential modules, and then we 
discuss various definitions of cleanness conditions. 
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2.1. Differential modules over a field. We first recall the definition of irregularities and refined 
irregularities. Some of our setup is made specific to residual characteristic zero. For more details or 
a general treatment including positive residual characteristic case, one may consult [KXlOl [Xi09+| . 

2.1.1. Notation. For {F,\ ■ |) a nonarchimedean field, we use Of and Kp to denote the ring of 
integers and the residue field, respectively. For s E K>o, we denote m^^ = {x E F\\x\ < s}, 
m|^* = {x G F\\x\ < s}, and k^' = m^'*/m^*; in particular, k^' = kf- 

In case when F is discretely valued, we fix a uniformizer irp. We frequently write npKp^is for 

Hit I*"] 

6 G Q to mean KpJJ ■ This should not cause any ambiguity. 

2.1.2. Notation. For {F, | • j) a discrete valuation field, we use F|i|o to denote the ring of bounded 
functions on an open unit disc over F. Put it another way, i^|t]o — Opltii-^]- 

2.1.3. Setup. Let {F, | • |) be a complete nonarchimedean field with residual characteristic zero. (We 
do not exclude the case when F is trivially normed.) Assume that F admits n commuting derivations 
di, . . . ,d„ of rational type, i.e. there exist elements xi, . . . , Xn (z F (called rational parameters) such 
that 

di{xj) = < p a i j ^^'^ operator norm \di\F — \xi\~^ for any i. 

A (di, . . . , dn) -differential module (or simply differential module) over F is a finite dimensional 
-F- vector space V with commuting actions of . . . , 9„, satisfying the Leibniz rule. 

2.1.4. Remark. We remark that the condition 9i,...,9„ being of rational type with respect to 
xi, . . . ,Xn is preserved if 

(i) we replace F by a finite extension fKXlO! Lemma 1.4.5], or 

(ii) we replace F by the completion of F(t) with respect to 77-Gauss norm for some 77 and declare 
dj{t) = for any j. 

In particular, if we take rj — \xj \ in the second case, then 9i, . . . , tdj, . . . , 9„ are rational type with 
respect to xi, . . . , Xj/t, . . . , x„. 

2.1.5. d-radii. We first assume that n — 1 and write d for di and x for Xi. 

For V a differential module over F, we define the d-radius and intrinsic d-radius of V to be 

Rq{V) = lim and IRaiV) ^ \x\-^ ■ Rd{V), 

where \d''\v is the operator norm for a fixed _F-compatible norm | • |y on V. The definition of 
(intrinsic) 9-radii does not depend on the choice of the norm | • |v. 

We say that V has pure ( intrinsic) d-radii if all Jordan- Holder constituents of V (as 9-difFerential 
modules) have the same 9-radius. By KX10| Theorem 1.4.21], V can be uniquely written as the 
direct sum of differential modules with distinct pure 9-radii. 

2.1.6. Partially intrinsic radii. For general n, we will specify a log- structure, that is a subset Log 
of {di, . . . ,dn}. Without loss of generality, we assume that Log = {di, . . . ,dm} for a fixed natural 
number m < n. We write Log* — ■ • ■ , ^f^, dxm+i, • ■ • , dxn}- 

If is a differential module, we define the partially intrinsic radius (or intrinsic radius ifm — n) 
to be 

IR* (V) = max{/i?a, (V),..., IRo„^ {V), Rq^^, {V),..., Ro„ {V)}; 

here we singled out derivatives di, . . . , dm in the log-structure Log to take their intrinsic radii instead 
of radii. 

In general, by (KXlOi Theorem 1.5.6], V may be (uniquely) written as the direct sum Vi(B- ■ -(BVr 
of differential modules, where each Vi has pure 9j-radii for all j. We define the partially intrinsic 
subsidiary radii (or intrinsic subsidiary radii if m = n) to be the multiset I'R}{V) consisting of 
IR\V^) with multiplicity dim!/, for i = 1, . . . , r. Let IR^{V) = IR*{V; 1) < ■ • • < IR^{V; diuiV) 
denote the elements oi nZ^{V) in increasing order. We say that V has pure (partially) intrinsic 
radii if XTZ^V) consists of dim^ copies of IR^{V). 
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2.1.7. Irregularities. Assume that F is discretely valued, xi = ttf, and di G Log. Assume more- 
over that X2,---,Xn G 0^. We define the subsidiary irregularities lri-{V;i) = log|^y z) and 
Irr{V) = {Irr(T^) = lTr{V; 1), . . . , Irr(y; dim V)}; they are nonnegative rational numbers. In case 
that they are the same rational number, we say that V has pure irregularities. If Irr(T^) = 0, we 
say that V is regular. We remark that all definitions about irregularities do not depend on the 
log-structure as long as di G Log. 

2.1.8. Refined radii and refined irregularities. Let V be a differential module over F. We fix a 
log-structure as in l2.1.6l We further assume that |a;m+i| < 1, ■ ■ . , \xn\ < 1- 

We first assume that V has pure partially intrinsic radii IR'^{V). By |Xi09-|-[ Lemma 1.4.14], 
there exists a norm | ■ |v on y such that 

(i) it admits an orthogonal basis, and 

(ii) the operator norms < IR'^{V)^^ for j ~ l,...,m and \dj\v < IR'^{V)^^ for j = 
m + 1, . . . ,n; 

we call such a norm good. (Note that this is weaker than the convention used in |Xi09-|-[ Defini- 
tion 1.4.11] for multi-derivative case n > 1.) 

If the partially intrinsic radii IR^V) < min{l, . . . , |a;„|}, by possibly enlarging the 

valued group of F as in 12.1.31 we may assume that | ■ |y admits an orthonormal basis. In this case, 
let Nj denote the matrix of Xjdj if j < m or of dj if j > m acting on this chosen basis; they commute 
with each other. The refined partially intrinsic radii (or refined intrinsic radii if m = n) is defined 
to be the multiset TZef^{V) consisting of 

6*1— H h 9m— ^ + 6m+ldXm+l H 1- OndXn G ^ K^fg'^' ''^ 

X\ Xm * 

for each common (genearalized) eigenvalues {9i, . . . , On) (with multiplicities) of iVi, . . . , iV„ modulo 

<IR*(V)-^ 

If IR^V) > min{l, . . . , \xn\}, we conventionally write TZef'^iV) = {0, . . . ,0}, a multiset 

consisting only of multiplicity dim V. 

For a general differential module V, applying the above construction to the Jordan-Holder 
factors Vi, . . . ,Vr oi V, we define 7^ef»(V^) = U^^^TZef^ (Vi) . We say V has pure refined intrinsic 
radii (or pure refined irregularities if F satisfies the conditions in I2.1.7P if 7^ef''(V^) consists of 
multiples of a same element. We order the element in TZef\V) as Ref'*(F; 1), . . . , Ref'*(y; dim 

such that Ref''(F; i) G ®^gLog* ''^''f^s''^ '^^ This choice of order may not be unique; we fix such 
a choice; however see Remarks 12.3.71 and l2.3.15] 

When F satisfies the conditions in 12.1.71 we also call Tief\V) the refined irregularities of 
V. In particular, Rei'^(y;i) G 0^gLog* ("'f^'^'^^^'^^^f^'s)'^- Again, in this case, the definition of 
7lef^{V) does not depend on the choice of log-structure if we identify 0(^gLog' (^f^'^'^'^''''*f^is)w 
with ^j^ii'^p^'"^^'^'^ Kps'ie)-^. Sometimes we omit the sharp from the notation for simplicity. 

2.1.9. Remark. When F satisfies the conditions in 12.1.71 '^e have an additional restriction on the 
refined irregularities. For i such that Irr(t/; i) > 0, write Ref"(y; i) = + ■ ■ ■ + dn'^) 

for 01, . . . ,6'„ G Kp. By |Xi09-H Proposition 1.4.17], we have Xjdj{x^^"'-^''hi) = xidiix^^"'-^''^ 6^) 
as an equality in x-^ i"'(^'*)^^ig Jq^. g^j^y j i This implies that 0j = ^Xjdj{6i)/lrT(V;i). In other 
words, 9j for j 1 are determined by 9i. In particular, 9i ^ 0. (This fact is also hinted by [KedlObi 
Proposition 2.5.4].) 

We also point out that similar phenomenon does not happen for the positive characteristic 
analogue. 

2.1.10. Proposition. Let V be a differential module over F. 

(i) If F is discretely valued, the sum Irr(y; 1) + • • ■ + Irr(l/; dim 1/) G Z. 

(ii) We have a unique direct sum decomposition V = 0^g(o i] of differential modules such 
that Vr has pure partial intrinsic radii IR^iVr) = r. 
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(Hi) Assume that F satisfies the conditions in \2.1.7\ If F' is a finite extension of F of rami- 
fication degree h such that h ■ h:T{V;i) £ Z and Ref(V^;«) G ®"^]^(7rj7/'' ^"^^^'*'''t_F')ir^; obtain a 
unique direct sum decomposition V (Si F' — of differential modules over F' , where the direct 

sum runs over all d £ t^f''^F'^^ f^'"' some & g N, such that every has pure irregularities b 

and pure refined irregularities 

Moreover, if we group TZei{V) into G = Gal{F' / F)- orbits {G'd}, the above decomposition de- 
scents to a unique direct sum decomposition over F: V — ©{q^j ^{GiJ}; where V{gi?} has refined 
irregularities in {CJi?} with same multiplicty on each element in {Gi9}. 

Proof, (i) and (ii) are known to Robba; see for example |KX10l Proposition 1.3.4]. (iii) is proved in 
|Xi09+l Tlieorem 1.3.26]. □ 

2.1.11. Corollary. Assume that F satisfies the conditions in \2.1.7\ Let V be a differential module 
over F with pure irregularity b. Assume that all refined irregularities of V form several copies of 
a same Gal{F' / F) -orbit for some finite extension F' of F. Let r be the number of elements in the 
Gal^K pi / Kp)- orbit of an element in TZef'^{V). Then dim • Irr(y)/r G Z. 

Proof. Let F" be the maximal unramified extension of F inside F' . By Proposition l2.1.lUr iii). 
V splits into direct sum of exactly r differential modules corresponding to each element in the 
Gal(Kp''/KF)-orbit; the direct summand would each have dimension dunV/r. The corollary follows 
from Proposition 12.1. Wl i) . □ 

2.1.12. Remark. We remark that, when the differential operators are not of rational type, all above 
definitions and results are still valid, if the radii is strictly bigger than the the inverse of operator 
norms. See |Xi09+l Remarks 1.3.29, 1.4.22]. 

We record a technical but useful lemma for future reference. 

2.1.13. Lemma. Let R be unique factorization domain and let S — R{(ttf))- We write F — Frac(S')^ 
and let v denote the natural valuation on F. Let R'^^^ denote the integral closure of R in an algebraic 
closure o/Frac(i?). 

Assume either d is a nontrivial derivation on R, extended to F naturally by setting dlirp) = 0, 
or d = d/dnp. In the former case, we assume that d is of rational type with respect to some u G R; 
in the latter case, we set u — np. When talking about d- differential modules, we take Log ~ 0. Let 
M be a d- differential module over S, that is a locally free module over S with finite rank d, equipped 
with an action of d subject to Leibniz rule. Assume that RoiM ^ F) = IttfI'' < \u\ and let Mb be the 
unique differential submodule of M ® F with pure d-radii \'t^p\^. Then the refined partially intrinsic 
radii Ref"(Mb) actually lies in Tr^^ii'^'s C 7r^''Frac(i?)^'s. 

Proof. Let r be the multiplicity of 6 in TZ{M ® F). To prove the lemma, we can always adjoint tt]/^ 
to S and make a tamely ramified extension. Hence, by [KXlOl Theorem 1.4.21], we may assume 
that all element in TZ{M ® F) are integer powers of \'np\. 

Let V e M®Fia.c{S) be a cyclic vector (see e.g. [KedlOai Theorem 5.4.2]), i.e. v, 9(v), . . . , 9''^^(v) 
form a basis of M ® Frac(5) over Frac(S'); the action of d is determined by (9'^ + aiTip^d'^^'^ + • • • + 
ad'!^F^'^)v — for some ai,...,ad G Frac(S'). By |KX10| Proposition 1.3.2], we have Oi G Of for 
i = 1, . . . , r — 1, Or G 0^, and G npOp ioi i ~ r + 1, . . . ,d. Moreover, by |Xi09+[ Corollary 1.3.13], 
the reductions of the roots of X"^ + aiX^^^ + ■ ■ ■ + Or ~ in np = Frac(i?) are exactly 7r^Ref''(Aff,). 

Now, to prove the lemma, it suffices to show that the reduction of each in = Frac(i?) 
lies in R. Suppose not, there exists some irreducible element A of i? such that, if we denote v\ the 
valuation on R corresponding to A, vx{ai) < for some i = 1, . . . ,r. 

Let Rx denote the ring of integers in the completion of Frac(i?) with respect to v\; it may be 
also written as kx |A| with residue field k\ . Since d preserves R, it extends to a continuous derivation 
on Rx. Set Sx = RxiiTTF)) = KA((7rF))[Alo (see Notation [2T2)) and A/a = M ®s Sx- Let F denote 
the completion of Frac(S'A) for the TTF-valuation; it contains as a subfield. Now, v is also a cyclic 
vector of Ma (8i F and we take a basis of Mx (8) F by v,7r^''9(v), . . . , 7r^^'''^^'9''^^(v); it gives a 
norm on Mx <S) F. Let A denote the matrix of d acting on this basis. By the lattice lemma [KXlOj 
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Lemma 2.2.3], we can find a basis mi, . . . , of Mx (over Sx) defining tfie same norm restricted 
from Mx®F. 

Now we let B denote matrix of 9 acting on this new basis and let X'^ + 0,111 X'^^'^ + ■ ■ ■ + adTTp'^^ 
denote the characteristic polynomial of B. If we use N S GLrf(o^) to denote the transformation 
matrix between the two bases, we have B = iV-MiV+7V"i9(7V). We know that |7V"ia(7V)| < \itf\^^ 
if a = d/diTF and< 1 otherwise. By (KedlOal Theorem 4.2.2], for any i = 1, . . . ,d, |a.,7r^'''-ai7r^'^| < 
Itt^I^' if 3 = djd'Kp^ and < 1 otherwise. In particular, is congruent to fij modulo tt^ and hence 
lies in k>,|A]; this contradicts the assumption before. The lemma is proved. □ 

2.1.14. Remark. On one hand, one can check that the condition that d is of rational type is not 
used in the proof here, if we define radii of convergence as in [KXIO', Definition 1.2.8]. On the other 
hand, we do not know how to generalize this to a broader class of rings because we need to make 
sure that d is continuous with respect to the new valuation u^, which is not obvious if vx is too 
arbitrary. 

2.1.15. Remark. We also want to point out that this argument only applies to the piece with 
smallest (9-radii. In general, one expect the "product" of refined 9-radii from the pieces with I 
smallest 9-radii for any ^, to lie in jf suitably normalized. 

2.1.16. Refined irregularities over higher dimensional local fields. Equip Q™ with the lexicographic 
order: i = (ii, . . . , i„j) < j = (j^, . . . , j„) if and only if 

H = ji,---,«/-i = ji-i, and ii < ji for some / G {l,...,m}. 

We will abuse the notation = (0, . . . , 0) in various contexts, e.g. as elements in Q'" or in 
0x5kp^. This should not cause any confusion. 

Let F — k((a;„i)) • • • ((a;i)) be the m-dimensional local field, where k is a trivially normed 
field. The residue field kf of F is h{{xm)) ■ ■ ■ {{x2))- We then define a multi-indexed valuation 

V = {vi, . . . , Vjn) : F^ — >■ Z"* C Q™, where, for a £ , vi {a) is the xi-valuation of a and inductively, 
Vi{a) is the a;i-valuation of the reduction of axi ^'-^"^ ■ ■ ■ x^^"-^"^''"' in k((a;„i)) • • • {{xi)). We denote 
Of = {a: e F\x = or v(a::) > 0} and Mf = {x e F\x = or v(a:) > 0}. 

We assume that k contains fc(a;„i+i, . . . ,Xn); and we assume that F admits continuous actions 
of differential operators di = d/dxi, . . . ,9„ — d/dxn- When considering differential modules, the 
log-structure is given by Log = {di, . . . ,dm} and Log* = . . . , ^,dxm+i,- ■ ■ , dxn}- 

For any & G Q, the valuation v naturally gives rise to a valuation (still using the same notation) 

V : x'lKf^XiQ} Q™; it induces a valuation v« : (0^gLog. x\K.f^ ■ uj)\{0} ^ Q™ as 

(Oi — - H h 0,n — - + Orn+idxm+i H h Ondxr^ := min {v(6'i), . . . , v(6'„)}. 

\ X\ Xj-ji / 

If y is a differential module over F of dimension d with pure irregularity Irr(y) > 0, we define 
lrr*(F) = {-vf(Ref*(y;i))|? = l,...,dimM} and lrr'*(l/; 1), . . . , lrr*(^^; dimF) be elements oi\rr^{V) 
in decreasing order. In particular, the first entries of \rr'^[V;i) is just Irr(F; j). (Be aware that we 
may not have — v''(Ref''(F; i)) = lrr'(V^; i) as there is no canonical order for Ref'*(T^; i) as pointed out 
indXHl) We also define 

Ref«(V^) = {(-v«(Reff(F;i)),i?,)| i = l,...,dimM}, 

where i?i is the reduction of x^"^ ^^''^ '^''^^•••2;^^^°* '^'*^^Ref''(y; «) in 0^gLog. k'^'s-cj. We order the 
elements of Ref'*(F) as Ref''(l/; 1), . . . , Ref'*(y; d), in decreasing order on the first argument. (Again, 
note that a new order may be taken among all refined partially intrinsic radii.) 

In general, lrr''(y) is the union of lrr''(yi) for Vi Jordan- Holder factors of V . Here, those Jordan- 
Holder factors Vi with Irr(Vi) = contribute (0, . . . , 0) with multiplicity diml^ to lrr''(l/). 

2.1.17. Remark. Careful readers might have noticed that, even when Irr(y) — 0, one can use 
Deligne-Malgrange lattice (see |KedlOb| Section 2.4]) to extract some information on the valuations 

■ ■ ,Vm- So, it is somewhat problematic to define lrr*(F) to be all zero in this case. One can 
probably develop the theory this way. However, we did not take this approach because (a) the 
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information on irregular piece is enough to deduce our main theorem, and (b) this is a special 
phenomenon for residual characteristic zero case and we hope to keep parallel with the treatment in 
characteristic p > where Deligne-Malgrange lattices are not available. 

2.2. Differential modules over Rn.m- 

2.2.1. Setup. Let fc be a field of characteristic 0. For n > to > 0, denote 

Rn , m ■ — k |[x i,...,X7iJ[2;-|^ ]. 

For r — {ri,..., r„) G [0, oo)", let | • \r denote the (e~''S ■ • ■ , e~''")-Gauss norm on Rn,m and let 
Fr be the completion of Frac(i?„^m) with respect to | • \r. Note that Fr is a complete nonarchimedean 
differential field of rational type with respect to di = d /dxi, . . . , 9„ = d/dxn with rational parame- 

tiGrS X \ ^ • • • ^ ' 

Let Sn,m be the Frechet completion of Rn.m with respect to the norms | ■ \r for r G (0, oo)". 
Let ei, . . . , e„ be the standard base vectors of W . For j = 1, . . . , m, we write -Fq) and | ■ as 
shorthand for Fe- and | • je^. We also write Oq) as shorthands for Of^)- 

2.2.2. Differential modules. Let M be a differential modules over Rn,m, that is a locally free module 
M over Rn,m of finite rank d, with an integrable connection V : M — J> M (g) il^ ^f,, i.e. with 
commuting actions of di = d/dxi, . . . ,dn — d/dx^ (subject the Leibniz rule). 

For the first part of this subsection, we consider intrinsic radii with respect to the full log- 
structure Log' ~ {di, . . . ,9„}; in this case we omit the superscript and write IR{M F^'ji) for 
subsidiary intrinsic radii. We denote gi{M,r) = — log(/i?(M (g) Fj^.i)) and Gi{M,r) — gi{M,r) + 
■■■+g,{M,r) for i = l,...,d. 

2.2.3. Remark. For any A £ ]R>07 I • Ur = Mr and hence Fxr is isomorphic to Fr only with a different 
norm. It follows that gi{M, Xr) = Xgi{M,r) for any z = 1, . . . , d. Also, under our convention, f(o,...,o) 
is trivially normed and hence gi{M, (0, . . . , 0)) = for all z = 1, . . . , d. 

2.2.4. Notation. For h — {hi, . . . , hm) positive integers and k' a finite extension of k, we denote 

For r G [0, oo)", we also write F\ = k'Frlx^^^ , . . . , Xm'^"']; it is the completion of Frac(_R^ ^ ^) 
with respect to | • j^. 

2.2.5. Theorem. Let M be a non-zero differential module of rank d over Rn,m- We have the 
following properties. 

(i) (Variation) The functions Gi{M,r) are continuous, convex, and piecewise linear for all r E 
[0, oo)". Moreover, if r,r' G (0, oo)" with rj — r'j for j = 1, . . . ,m and rj < r'^ for j ~ m + 1, . . . ,n, 
then G^{M,r) < Gi{M,r'). 

(ii) (Decomposition) Fix I G {1, . . . ,d — 1}. Suppose that the function Gi{M,r) is linear, and 
gi{M,r) > (7;_|_i(M,r) for all r G (0,oo)". Then M admits a unique direct sum decomposition 
Ml © M2 such that for each r G (0,oo)", nZ{Mi ® Fr) consists of the smallest I elements of 

in{M(g)Fr). 

(iii) (Refined intrinsic radii decomposition) Assume that gi{M,r) = ••• = gij{M,r) — biri + 
• • • + bmrm are affne functions over (0, 00)". Let hi denote the denominator of bt for all i. Then 
there exists a finite extension k' of k and a multiset Ref'(Af) C ©"^i^'^ such that we have a 
unique direct sum decomposition of differential modules: 

i?eRcf'(A/) 

such that ® F'^ has pure refined intrinsic radii x^'^^ ■ ■ ■ x^'^d for all r_ G (0, 00)". 

Proof, (i) is proved in }KX10| Theo rem 3.3.9] and (ii) is proved in [KedlObi Theorem 3.3.6]. We 
now prove (iii). There is nothing to prove when to = 0, so we assume hereafter that m > 0. Also, 
we may replace Xj by x^j^' and k by fc' and assume that hj = 1 and k = k' for all j = 1, . . . , m. By 
|Xi09+[ Theorem 4.3.6], we have a decomposition of M over Sn.m satisfying the required property; 
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this corresponds to a projector e £ End(M) ^b.^ „ Sn,m- By exactly the same argument in |KedlOb[ 
Theorem 3.3.6] (using [KedlObl Lemma 2.6.4]), we deduce that this projector e in fact Hves in 
End(Af), yielding (iii). □ 

2.2.6. Definition. For M a non-zero differential module of over Rn,m, we say that M is numerically 
clean if the functions gi{M,r) are linear in r for all i. 

2.2.7. Remark. The numerical condition is preserved under taking subobjects but is not stable 
under taking direct sums, because the functions gi from different direct summands may not be well- 
ordered. However, one can develop an explicit recipe to make toroidal blow-ups at the intersection 
of each pair irreducible components so that, pulling back to this blowup, M becomes numerically 
clean. 

In |KedlOb| . Kedlaya introduced a condition which is slightly stronger than numerical cleanness. 
It has the advantage of having an explicit form and stable under proper birational base change. 

2.2.8. Definition. Let M be a differential module over Rn,m- We say M is regular if M = or 
gi{M,r) = 0. By Theorem EEHi), this is equivalent to IR{M (g) Fq); 1) = 1 for ah j = 1, . . . ,to. 

2.2.9. Definition. For (j> e i?„ m, we define a differential module E{(f)) of rank 1 with generator e 

by 

diS = di{(j))e, for z = 1, . . . , n. 
Let M be a differential module over Rn,m- A good decomposition is an isomorphism 

M~ 0£;((/.„)®fl„„Reg„ 

for some 4>a G Rji.m and some regular differential modules Reg^^, satisfying the following two condi- 
tions: 

(1) For a E A, if (f>a ^ Rn.o, then 0^ = ux^^^ •■•a;"*'", for some unit u e ^^'^ some 
nonnegative integers zi, . . . , im- 

(2) For a,l3 E A, if 4>a — (f'p ^ Rn,a^ then 0q — 0^ = uxj"'^ ■ • ■ a;"'™ , for some unit u £ R^ q and 
some nonnegative integers zi, . . . , 1^. 

2.2.10. Theorem. Let M be a non-zero differential modules over Rn,m of rank d. The following 
conditions are equivalent: 

(1) There exist a finite extension k' and a positive integer h such that M®r^ ^Rn,m[x\^^ , ■ ■ ■ , Xm^^] 
admits a good decomposition. 

(2) The functions Gi{M,r),--- ,Gd{M,r) and G ^2 {M iSi M'^ , r) are linear inr. 

(3) The functions Gd{M, r) and Gj^2 (M <Si , r) are linear in r. 

Proof See [KedlObi Theorem 4.4.2]. □ 

2.2.11. Definition. We say that AI admits a good formal structure at a; if M ® Rn.m satisfies the 
equivalent conditions in Theorem 12. 2. 101 

2.2.12. Remark. We have implications (i) M and End(M) being numerically clean =^ (ii) M ad- 
mitting good formal structure => (iii) M being numerically clean. The first implication is not an 
equivalence; see |KedlOb[ Example 4.4.5] for a counterexample. This failure is very similar to the 
instability of cleanness under taking direct sums, as explained in Remark 12.2.71 

2.2.13. A different log- structure. For the rest of this subsection, we discuss the situation with a differ- 
ent choice of log-structure: Log — {di, . . . , d„i}. We write Log* = • ■ • : ^^a^m+i, • ■ • , dx^}. 
For M a differential module over _R„ ™ , we denote gl(M,r) = -log(/i?''(M (g) F^; i)) and G\{M,r) = 
g{{M,r_) + ■■■+ g\{M,r) for r e [0, oo)" and i = 1, . . . , d. 

Similarly, we have gl{M,Xr) = Agf(M,r) and (Af, (0, . . . , 0)) = for any A e R>o and all 
i — 1, . . . ,d. 

Let k = Frac(fc[a;„j+i, . . . , a;„|). Some of our decomposition theorems will only work over 
R„_m = k|xi, . . . , Xm][a;j"^, . . . , x""""]. For r G [0, cxd)'" x {O}""™, the norm ] • \r_ also extends to 
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Frac(R„^,„); let denote the completion. Each contains Fr_ as a subfield and it actually equals 
to if r e (0, oo)" X {0}"-™. 

For M a differential module over Rn,m, we similarly define (7j(M,r) = — log(/i?*'(M (g) F^; i)) 
and GS(M,r) = gl{M,r) + ••■ + gf(M,r) for any r G [0,00)" x {O}""'" and i = l,...,d. If 
M = M R-ri.m for a differential module M over Rn,m, we have (7'(M,r) = (?f (M, r) for any 

r G [0, 00)" X {0}"-™. 

2.2.14. Proposition. Let M 6e a nonzero differential module of rank d over R,i.m- We have the 
following properties. 

(i") (Variation) The functions G'(M,r) are continuous, convex, and piecewise linear for all 
r e [0,cx))'" X {0}"-". 

(ii") (Weak decomposition) Fix I G {1, . . . ,d— 1}. Suppose that the function Gj(M,r) is linear, 
and gj(M,r) > 5|'_|_]^(M, r) /or all r_ G (0, 00)"' x {0}""'". Then M admits a unique direct sum 
decomposition Mi ® M2 smc/i f/iaf, /or each r G (0, 00)"' X {0}""™, in^iMi ® Yr) consists of the 
smallest I elements of XTZ^ (M. ® ¥ r) . 

(iii") (Weak refined intrinsic radii decomposition) Assume that g\(M.,r) = ■•• = (7^(M,r) = 
foiri + ■ • • + bmrm are affine functions over [0, 00)™ x {0}"^™. Let hi denote the denominator ofbi 
for all i. Then we have a unique direct sum decomposition of differential modules 

M®R„_„R„,™[x}/''\...,x^/'''"] - M{G,^}, 

where the direct sum is taken over all Gk — Ga\(k^^s fk)- orbits of elements in ^^^j^c,<y' '^^'^ ' 
such that, for all r G (0, 00)™ x {0}"^™, M^q^^i, (X> Fr[xi^''^ , • • ■ , a;™^™] has refined intrinsic radii 
Xi''^ ■ ■ ■ x~^"^g{'d) for g G Gk with same multiplicity on each element. 

Proof (i«) follows from [KXlOl Theorem 3.3.9] applied to M. For (ii") and (iii«), let S„,„ be the 
Frechet completion of 'R.n,m with respect to the norms | • |r for r G (0, 00)™ x {0}"^™. (In case (iii"), 
we may first replace xj by x^^' and k by k' and assume that hj = 1 and k — k' .) In these two cases, 
we invoke |KX10| Theorem 3.4.2] and |Xi09+[ Theorem 3.3.6], respectively, to obtain the desired 
decomposition over Sn,m- Each direct summand corresponds to a projector e G End(M)®R^ ^ S„_m- 
Then, we proceed exactly as in [KedlObl Theorem 3.3.6] (using [KedlObl Lemma 2.6.4]) and deduce 
that this projector e in fact lives in M, yielding (ii") and (iii"). □ 

Under a stronger hypothesis, we can extend the decomposition to differential modules over 

2.2.15. Theorem. Let Ad be a nonzero differential module of rank d over Rn.m- Fix I G {1, . . . , d—1}. 
Assume that gl{M,r) :=••■ = gj[M,r) — biri + • • • + bmrm are affine functions over (0, cx))™ x 
{0}""™ and assume that g\{M,r) > g\j^^{M,r_) for r G (0,oo)™ x {0}""™. Let h, denote the 
denominator ofbi for all i. We have the following. 

(i) There exists a (complete) local ring ?l finite over fc|[a;m+i, . . . , a;„] such that for all r G 
(0,00)" X {0}"-'", 

Ref"(Af ®F^;l),...,Ref'*(M(8)F^;/) G x:[''^ ■ ■ ■ x'^-^m ■ uj 

weLog* 

(ii) Let m«H denote the maximal ideal of and write k' = 9^/m«H for the finite extension of k. 
We have a unique direct sum decomposition of differential modules: 

M (8)fl„,„ R'n.,rn,h = A^O © Ma, 

A 

where the direct sum runs through all X = (Atj)a;eLog* G fc'"\{0}, such that 

• for any r G (0, oo)™ x {0}"^™, all elements in x\^ ■ ■ ■ x'^Kef\M\ ® ^) is congruent to 
St^eLog' ^"'^ modulo m<n, and 
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• for any r G (0, oo)™ x {0}" ™, any Jordan- Holder factor of Mq ® F'^ either has par- 
tially intrinsic radii > biri + • ■ • + hmTm, or has the refined partially intrinsic radii lie in 

Proof, (i) By Proposition 12 .2 . iW ii*^ ) . we can first separate a differential submodule Mi of M(X)R„ .m 
that accounts for the I smallest partially intrinsic radii of Af ® Fr_ with r G [0, oo)™ x {0}"~™. Then 
we apply Proposition 12.2. 14l iii^ ) to Mi and conclude that, for any r G (0, oo)™ x {0}"^™, 

(2.1) Ref»(Af ®F,;l),...,Ref«(M(»F,;0 e x^^^ ■ • • a;~'''"Frac(fc|x™+i, . . . , x„l)"'s • w 

ujfELog* 

On the other hand, we may apply Lemma r2.1.13l to R = fc|x2/a;i, . . . , x,„/a;i, x^+i, ■ • ■ , a;Til[3^2^^i ■ • ■ i a^™^] 
and TTp = xi; this implies that, for r = (ri, . . . , r„) with ri — ■ ■ ■ = r„i = 1 and r„i+i = r„ = 0, 
the first I refined partially intrinsic radii all lie in ®^gLo„. x^^'^ ''"i?' • uj for R' a finite local R- 
algebra. (Since klxm+i, • ■ • , is henselian, D\ must be a local ring and S\/m^ is a finite extension 
of fc.) Combining this with ()2.ip . we arrive at our conclusion in (i). 

(ii) We may replace Xj by x^'^^ and k by fc' and assume that hj = 1 and k ~ k' . By Propo- 
sition (^TnHHii') and (iii*), we have the desired decomposition over R„,m, that is M ® Rn,m = 
Mq © Ma, where the direct sum runs through all A = (A^)^gLog* £ fc"\{0}j such that 

• for any r G (0,oo)™ x {0}"^™, all elements in x^^ ■ ■ • Ref " (Ma ® F^) is congruent to 
StueLog* modulo mjR, and 

• for any r G (0, oo)™ x {0}"~™, any Jordan-Holder factor of Mq ® either has par- 
tially intrinsic radii > 6iri + • • ■ + bmfm, or has the refined partially intrinsic radii lie 
in 0c.GLog* ^r*" • • • x:;^"^^^ ■ ^■ 

(In fact. Proposition 12.2.141 provides us much finer decomposition; we regroup the summand into 
Mq and Ma's accordingly.) 

We need to "descent this decomposition" to Rn.m by "gluing" with some other decompositions 
using Lemma [2.2.161 and Remark |2 . 2 . 1 71 below . 

To get other decompositions, we fix r = (ri, . . . , r„) with n = • • • = r„i = 1 and r„i+i = • ■ • = 
r„ = 0; for each j = m-|-l, . . . , n, we denote i^r,(j) to be the completion of Frac(fc[[xi, . . . , Xj, . . . , x„]]) 
with respect to the Gauss norm | • |r . Let ^ -^ denote the completion of J^r,(j) (i) with respect to the e- 
Gauss norm (on i); we set dji (t) = for / = 1, . . . , n. We consider a new set of differential operators 
d'l = t~^di, . . . ,d'j^ — t'^dmjd'^+i — d,n,---,d'n = dn] they are of rational type with rational 
parameters txi^ . . . , txm, Xm+i, • • ■ , a;„, when viewed as differential operators on the completion of 
Frac(F^ (j)[a;jlo) for any Gauss norm (on xj). (For [-Jo, see Notation l2.1.2n 

We consider the differential module M (g) i^rOjl-^ilo (with respect to 9i,...,94). We take 
the trivial log-structure Log' = 0. Let E denote the completion of Frac(F^ ^.^-j |xj]o). For N a 
differential module over F^ (j)[a^jloi we write IR'{N (g) E;i) for the subsidiary partially intrinsic 
radii and Ref'(iV (E) E;i) for the refined partially intrinsic radii, with respect to this new choice of 
differential operators and log-structure. We have IR^{N'S)E; i) = IR'{N®E; i) and 'R.ei^{N®E; i) = 
Rcf'(iV ® E; i) for any i, if we identify 0„gLog. K^Lg • ^ with 0™ K^Lg ■ tdx^ ® ©f^^+i K^Lg • dx^ 
for any s. 

We apply |Xi09-|-[ Corollary 4.2.9] to obtain a unique direct sum decomposition 

satisfying analogous conditions as in the statement of the theorem, namely, 

• the direct sum runs through all A — (Atj)weLog* G fc"\{0}, 

• all elements in xj^ • • • x^" Ref (Af^ ^ -^ (g) E) is congruent to X^^GLog* ^'^^ modulo m<3\, and 

• any Jordan-Holder factor of Af^ ^^.^ (g) E has partially intrinsic radii > 6i + • ■ • + fe„i or the 

refined partially intrinsic radii lie in ©^^gLog. 

Strictly speaking, |Xi09-H CoroUary 4.2.9] gives much finer decomposition and we regrouped them 
together (mostly into Afp , 
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Now, for each j, the decomposition over ^.^-j agrees with the decomposition over Rn.m 
in the sense that they both induce the same decomposition of M over E (given by Proposi- 
tion [2?TIintii) (hi))- More precisely, we have 

^A,(i) E ^Mx(g) E and M'^ ^j^ ®E = mo®E 

inside M ® E. 

By Lemma [2.2.161 and Remark 12.2.171 below . we conclude that the decomposition descends to 

(2.2) F^,{j)lX]h n R„,m = Frac(fc[a;™+i, . , a;„]])|a;i, . . . , x™, Xj][a::~\ . . . 

Applying Lemma 12.2.161 and Remark 12.2.171 again to glue the decompositions over (|2.2I) for each j 
(along the decomposition over R„^,„), we obtain the desired decomposition over Rn,m- 

It is attempted to try to glue decompositions of M®F^ [j^)^^]^^ and M®F^ (j2)l[^i2lo (ji 7^ 32) 
directly. But there is no field containing both base rings F'^ (ji)I^iilo and F^ (j2)\^32\o- We do need 
Rn, ra to hold them together as a "bridge" . □ 

2.2.16. Lemma. Let 

R ^S* 



T 

he a commuting diagram of inclusions of integral domains, such that the intersection S DT within 
U is equal to R. Let M be a finite locally free R-module. Then the intersection of M S and 
M ®ii T within M ®rU is equal to M. 

Proof. See |KX10| Lemma 2.3.1]. □ 

2.2.17. Remark. We remark how this lemma is used. We often apply this lemma to the module 
End(Af) over R for a differential module M . When we have a "desired" direct sum decomposition 
of M ®B, S and M T which coincide on M ®fi U, we view the projectors of the decomposition as 
elements in End(M) End(M) ^i^T, and End(M) J7, respectively. By Lemma [272.16| we see 

that the projectors giving this direct sum decomposition actually comes from End(A/). Hence, we 
may "glue" the direct sum decomposition of Mi^nS and M ®iiT to get a direct sum decomposition 
of M (over R). 

2.3. Cleanness condition. We give the definition of cleanness using refined irregularities developed 
in |Xi09+| . We prove that the numerical cleanness implies this cleanness. We keep the notation as 
in previous subsection. 

2.3.1. Definition. Let &m denote the permutation group of {1, . . . ,rn}. Given a G ©m, we have 
a natural embedding io- : Rn,m — ^ Fo- = 'k.{{x„(^„^))) ■ ■ ■ ((xcr(i))), where Fo- is a m-dimensional local 
field with norm given by 2;o.(i)-valuation such that |a;(j(i)| = e. So Fo- contains as a subfield. 

2.3.2. Proposition. Let M he a differential module over Rn,m of rank d. Then there exists ti, ... ,em > 
such that, if we let C denote the interior of the convex hull of the set of points 

{(I,0,...,0),(l + ei,0,...,0),(l + ei,e2,...,0,0),...,(l + ei,e2,...,e„,0,...,0)}, 

then we have a unique direct sum decomposition of differential modules M®i{}^ — Mo®^j,gQ„ bi>Q 
such that, 

(2.3) for hi > 0, 5?(Mb,r) ^---^ .9LnM,(Mfc,z:) = hn + ■■■ + hr„r^, for all reC; 

(2.4) for Mo, .9»(Mo, (1, 0, . . . , 0)) = • • • = gLMo(Mo, (1,0,..., 0)) = 0. 

where Rc is the Frechet completion o/R„_m with respect to the norms \ ■ \ r_ for r G C and RjJi^ C Rc 
is the suhring consisting of elements whose norms are bounded for \ ■ \r for all r&C. 
Moreover, the multiset Ref''(M (E) fid) is the same as 

U {(6i,...,fe„,i?b,,)|i = l,...,rank(M6)}U{(0,...,0) rank(Mo) times], 

b,bi>0 
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where -db^i is the reduction of ■ ■ ■ x^"Ref(M5 (g) F^; i) in k^'^ for (any) rC^C. 

Proof. To get the decomposition, one first uses Proposition l2.2.1"W i'^) to show that the functions 
gl{M,r) are linear when restricted to some small enough C and then invokes |KX101 Theorem 3.4.4 
and Remark 3.4.7] to obtain the decomposition. The equality of two multisets is proved in |Xi09+[ 
Theorem 4.3.8]. Note that when bi = 0, Ref''(M (g) Fid) will always give (0,...,0). (See also 
Remark [2X171) □ 

2.3.3. Theorem. Let M be a differential module over Rn,m of rank d. The following conditions are 
equivalent: 

(1) The functions g{{M , r) , . . . , g^j^{AI , r) are linear in r & [0,oo)™ x {0}"^™. // we write 
gj{M,r) = biiri + ■ • ■ + bimfm for any i and any r G [0, oo)™ x {0}"^™, then, for any r_ G (0, cx))™ x 
|g|n,-m^ we havc x\'^ ■ ■ • xj^"* Ref (M (g) Fr;i) G ®weLo<r' ^ ' ^ ^'^^ some local ring d\ finite over 
k\xra+i, ■ ■ ■ ,Xn\, whosc reduction modulo is nontrivial. 

(2) If we define bij = IR{M ® F(^jy,i) and if j G {!,..., m} is some index satisfying 

(2.5) min{i|6ij = 0} > m\n{i\biji — 0} for any j ^ j', 

we have, for some a G ©m with (t(1) = ] , Ref'(M ^ Fq-; i) for each i is of the form 

{bia(l) , ■ ■ ■ , ^icr(m) i ^i): 

where "di is some element in ©i^gLog* ^ ' ^ some local ring finite over k\xm+l^ ■ ■ ■ , XnJ, whose 
reduction modulo rntyt is nontrivial. 

(3) For any j G {1, . . . i G {1, . . . , d} and any a G &m such that bij > and <t(1) = j, 
Ref''(Af (g)fl^ ^ Fo-; j) is of the form {bi„(^i-^, . . . ,bi„(^j^-^,'di) , where is some element ©^^gLog* ^''^ 
for some local ring finite over klxm+i, • . • , a^n], whose reduction modulo m«H is nontrivial. 

Proof. (1) (3) follows immediately from Proposition l2.3.2l above because C therein is a subset of 
(0,oo)" X {0}"-™. (3) ^ (2) is tautology. So it suffices to prove (2) ^ (1). By Proposition 
again, there exist ei,...,e„i > and C therein, such that (|2.3p and (|2.4p holds. We prove that 
gl{M,r) are linear in r for r G [0,00)™ x {0}"~™ by induction on i. For i — 0, this is void. 
Assume that G,5_j^(M, r) is linear in r; we show that gj{M,r) is linear in r. By the convexity in 
Proposition I2.2.l"4l i). each Gl{M,r) and hence gl{M,r) = G'5(M, r) — Gf_j^(M, r) is convex over 
[0, cxd)™ X {0}"~™. Moreover, we know that condition (2) implies that gl{M,r) = buri + ■ ■ ■ + bimrm 
for all r G C and the axes ReiU- • -UMem- Hence, this forces the equality g\{M, r) = + - ■ ■+bimrm 
for all r G [0,00)™ x {0}""™, finishing the induction process. The statement on refined partially 
intrinsic radii follows from Proposition l2.3.2] and the variation property in Proposition l2. 2.111 111). □ 

2.3.4. Pointed local setup. From now on, we assume that we are in one of the following pointed local 
situations (centered at z). 

(a) (Geometric) Assume that we are in the geometric local situation ll.2.1f a). that is X being a 
smooth affine variety with an etale morphism p : X ^ A" such that D = p^^(V{xi ■ ■ ■ x^)), where 
the affine space has standard coordinates xi,...,Xn- We assume moreover that p~^{0) = {z} is 
a single closed point, and Di = tt~^{V{xi)), . . . , Dm — n~^{V{xm)) are all irreducible. We have 
D - Uf^.Dj. 

(b) (Formal) Let X = Spec . . . , a;„]], Di = V{xi),...,Dm = V{x,n), D = WJl^Dj, and z 
be the origin. 

We set U = X — D and let j : U ^ X denote the natural embedding. Let M be a vector bundle 
on U with an integrable connection. In the formal case, Ou ~ -Rn.m = ^la^i, ■ • ■ , a^nl[a;j~^, . • . , 

2.3.5. Irregularity Q-divisors. For each j, let Ffj-f — k{X)^'^^ denote the completion of the fraction 
field k{X) with respect to the height 1 valuation corresponding to Dj. Define the irregularity Q- 
divisors to be 

r r 

for i — 1, . . . ,d. They are divisors of X with rational coefficients. 
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2.3.6. Definition. Let be a positive integer such that Nbij are ah integers. Under the two setups 
of 12.3. 4[ we consider the fohowing: 

(a) In the geometric case, consider the morphism g : A" A" given by Xi h-> xf ii i — 1, . . . ,m 
and Xi i—> ii i — m + 1, . . . ,n. Denote X' = X x^^^g A". Let tt : X' ^ X denote the natural 
morphism; then there exists a unique closed point z' lying above z. 

(b) Consider tt : X' = Spec(i?„,o[a;i''''^, ■ • ■ , xll^]) X. Let z' denote the origin point of X' . 
Let D'j be the reduced subscheme of Tr~^ {Dj) for j = 1, ■ . ■ , m. Write D' = Ujl^D^- and set 

R'i = 7r*(i?i) as divisors; note that R'^'s now are genuine divisors (with integer coefficients). 

Now, we say that M is clean at z if, for some j G {1, ■ . ■ ,m} satisfying (|2.5p . there exists an 
(integral) scheme Dj finite over a neighborhood of z in D'^ such that, after reordering the refined 
irregularities Refij(M) — Refy (7r*M), we have 

(2.6) Refij(M) G flx,{logD'){R'i) <Si Oj-,,, and it generates a direct summand of the latter. 

This does not depend on the choice of N because the morphism tt is log-etale; neither does it depend 
on the choice of Dj (up to further shrinking the neighborhood of z) by Lemma [2.3.91 below. 

2.3.7. Remark. Recall that when defining the refined irregularities in 12.1.81 there is no canonical 
choice of the order of refined irregularities. However, in Definition l2.3.61 the choice of the order does 
matter; it is related to the ordering given by some valuation on higher dimensional local fields. See 
Theorem 12.3.101 below. 

2.3.8. Remark. In the geometric case, M is clean at z if and only if M (g) ^ is clean at z in the 
formal case by faithful flatness of 0^^. ^ over Ooj.z- 

2.3.9. Lemma. Let R ^ R' be an integral extension of rings and let M be a finite free R-module. 
Then, an element x G M generates a direct summand of M as R-modules if and only if x generates 
a direct summand of M igj^ R' as R' -modules. 

Proof. If i? • a; is a direct summand of M, then i?' • a; is a direct summand of M R' by tensoring 
with R'. Conversely, we assume that i?' • x is a direct summand of M R' . Pick a basis ei, . . . , e; 
of M and write x — xiei + • • • + xiei for xi, . . . ,xi £ R. Then we know that xi, . . . ,xi generate 
the unit ideal of R' and hence they also generate the unit ideal of R by going-up theorem jEis95[ 
Proposition 4.15]. □ 

2.3.10. Theorem. If M is clean at z if and only if the equivalence conditions in Theorem \2.3.S\ hold. 
In this case, the condition (|2.6p also holds for any j £ {1, . . . , m} and any i G {1, . . . , d} such that 

> 0. 

Proof. We may replace M by M (E) Ox z ^-nd assume that M is a differential module over Rn,m- We 
observe that the condition (|2.6|) is preserved when replacing X by X' , D by _D', and k by fc^'s as in 
Definition 12.3.61 Hence, we may assume that bji are all integers and X' — X , D' — D, and k = k'^^s 
in Definition 12.3.61 

We first prove that the cleanness condition at z implies the condition (2) of Theorem 12.3.31 
We note that for any a G &rn, the valuation on k^xi, . . . , a;„] induced by the natural embedding to 
fa extends (not uniquely) to Dj. The cleanness of M at z implies that, for some j G {1, . . ■ ,rn} 
satisfying ()2.5|) . we have Refy (M) G r23s:(log-^)(^i) ®Ox fo^' each i and it generates a direct 
summand of the latter. In explicit terms, this means that if we write out 

Refjj(M) = Xj^''" • • • a;„''"" (6'ii— H (- 6*™^^ + e,,,m+idxm+i H h Oi^dx-a), 

X\ Xrri 

we have 9ij G O^. and On, . . . ,6in together generate the unit ideal. This implies that, for (any) 
a G &m with (t(1) = j, Ref'*(M) consists of 

— dx\ — dxjYi — — 

{bia(l), ■ • ■ 7 bia(m),&il h • • • + ^im h ()i,m+ldXm+l + ' ' • + 9indXn), 

where Oij is the reduction of 9ij in 9i = Of^ , j ^ (xi, . . . , x^, . . . , x^)- Hence, M satisfies the condition 
(2) in Theorem l2.3.3[ and hence all other equivalent conditions. 



22 



LIANG XIAO 



Conversely, we assume the equivalent conditions in Theorem 12.3.31 By Theorem 12.2.151 M is 
a direct sum of differential modules over Rn,m of pure partially intrinsic radii (when tensored with 
for any r £ (0, oo)™ x {0}""™). So, we replace M by each direct summand and assume that M 
has this property itself. In particular, we assume bij = ■ ■ ■ — bdj for any j. Now, we prove that the 
condition (3) of Theorem 12.3.31 implies condition ()2.6|) for any j G {1, . . . , m} with bij > 0. We first 
invoke Lemma 12.1.131 to show that there exists an integral scheme Dj finite over Dj such that if we 
write 

Refy(M) = x^''^ ■ ■ ■ a;"''" (9^ \ h 6*™ — — + 9^^m+idxm+i H h 9„idxn), 

Xl ^711 

then we have 9iji G O \\/ xi ■ ■ ■ Xj ■ ■ ■ Xm] for any j' e {l,...,n}. We fix ct G ©m such that 
(t(1) — j. By the condition (3) of Theorem l2.3.3[ we know that for any embedding l : 0^lxj\ ^ ffs 
extending the natural embedding Odj fxj} ^ F^r, we have min{v(t(6'ii)), • ■ • , v(t(6'.m))} = for any 
fixed i. This in particular implies that 9ij' G Ojj for all i and j'. Note that for any point z of 

Dj lying above z, we can find an embedding l as above such that the maximal ideal rrij is given by 
{x G Of).\v{L{x)) > 0}. Hence, for any fixed i, there exists some 9ij' ^ mj. This implies that, for 
any fixed i, Refy (Af) G ftx,{\ogD){Ri) ®Ojj, and it generates a direct summand. □ 

2.3.11. Remark. When z is the intersection of exactly n divisors Z3i,...,_D„, the proof of the 
theorem implies that the cleanness at z is equivalent to numerical cleanness at z. This is however 
false for other points on D. See Remark l2.3.13l 

2.3.12. Theorem. If M ® z numerically clean at z then M is clean at z. 

Proof. The proof is very similar to the proof above, but we have to be very careful about several 
subtle places, which hints why the converse of the theorem does not hold in general. By Remark l2.3.8[ 
it suffices to assume that we are in the formal situation, that is Af is a finite and fiat differential 
module over Rn,m- We note that numerical cleanness condition is preserved when replacing X by 
X' as in Definition l2.3.6l Hence, we may assume that rji are all integers and X' — X and D' = D in 
Definition 12.3.61 Also, both conditions are preserved if we replace k by its algebraic closure. Hence, 
we may assume that k is algebraically closed. 

By Theorem 12. 2. 5f ii). we may assume that M ® Fr has pure intrinsic radii biri + • ■ • + bnrn for 
all r G [0, oo)" (with respect to the full log-structure). When bi — ■ ■ ■ — bn — 0, M is regular and it 
is obviously clean at z. From now on, we assume that this is not the case; without loss of generality, 
we assume that 6i > 0. As in proof of Theorem 12.3.101 we first invoke Lemma [2.1.131 to show that 
there exists an integral scheme Dj finite over Dj such that if we write 

Refy (M) = x^''^ ■ ■ ■ a;^''" (6'^— H h 9im'^^^ + 9^^rn+idxm+i H h 6'.„,dx„), 

X\ Xfyi 

then we have 9ij G Ojj_^ [1/2^2 • • • Xm] for all j G {1, . . . , n}. (Note that this is written in a form 
adapted to the log-structure Log = {di, . . . ,dm} but not the full log-structure.) Applying Theo- 
rem [5331 to ^ ® Rn,n, we know that for any embedding l : Ojj fxi} ^ f'^^ extending the natural 
embedding Odj^IxiI ^ Fjd, we have 

min {v(t(6'ii)), ■ • ■ , v(i(6'„„)), v(i(a;„+i6'j,™+i)), . . . , v(t(a;„0„))} = 

for any fixed i. Note that, for j = m + 1, . . . , n, 9ij G Of,^ [^/x2 ■ ■ ■ Xm] together with v{L{xj9ij)) > 
force v{xj9ij) > 0. Hence, we essentially have min{v(t(6'ii)), • • • , v(t(0im)} — (as oppose to taking 
the minimal among all 9ij's as did in Theorem l2.3.10|) . Now, we proceed exactly as in Theorem l2.3.10l 
to conclude. □ 

2.3.13. Remark. We remark that cleanness does not imply numerical cleanness in general. We 
construct a counterexample as follows. Let X = with coordinates x and y, and let D be the 
X-axis. Consider the differential module M = k[x, y][y~^]-B given by S^e = ^e and dye = — 2p-e; in 

other words, e is a proxy of e^/^ . The refined partially intrinsic radii of M along D is p-dx — p-^, 
which is clean everywhere on D by definition. However, at the origin, the corresponding function 
gi{M, -FVi.ra) = max{2r2 — ri, 0} for ri, r2 G [0, 00)^, which is not linear. 
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Now, we switch back to the global situation. 

2.3.14. Definition. Let X be a smooth variety of dimension n over k and let D = UDj be a divisor 
with strict simple normal crossings, where Dj are irreducible components of D. 

We say that M is (numerically) clean, if for all closed point z G X , M ^ Ox z is (numerically) 
clean. Theorem 12.3. 121 implies that numerically cleanness ^ cleanness. 

2.3.15. Remark. Even if AI is clean over X and bij e Z>o for all i,j (which implies (|2.5I) '). it does 
not mean that Definition 12.3.61 holds globally, i.e., in the global situation above, we may not be 
able to find an integral scheme Dj finite over Dj such that, after reordering the refined irregularities 
Refij(M), we have that Refij(M) e 51^(log£')(i?i)(g)C'^, and it locally generates a direct summand. 

The existence of Dj is not the problem, but the reordering of refined irregularities in Defimtion l2.3.6l 
might be different from points to points; this presents a difficulty in reasonably define the Q-divisor 
Ri. In general, we do not expect any a priori reason for a uniform choice of i?,;. 

On the other hands, if M is clean over X and we have strict inequality bij > ■ ■ ■ > b^j > 
for all j (which automatically implies bij 6 N and p.Sp ). then there is a unique ordering of these 
refined irregularities that makes Definition 12. 3. 61 work globally; in this case, there exists an integral 
scheme Dj finite over Dj such that Refy(M) G r2^(logD)(i?i) ig) Of), and it locally generates a 
direct summand. 

2.3.16. Proposition. Keep the notation as in previous definition. The set of closed points V of 
X at which M is clean, is the set of closed points of an open subvariety of X . We call this open 
subvariety the clean locus of M . Moreover, its complement has codimension > 2. 

Proof. Only in this proof, all varieties are viewed as a set of its closed points with Zariski topology. 
To prove the proposition, we may assume that we are in the geometric local situation ll.2.11 In this 
case, D is the union of irreducible divisors Di, . . . , Dm of X. It suffices to prove that the intersection 
of the clean locus V with each Dj is open and dense in Dj. By reordering Dj, we may assume 

if j < j'j min{i|6y = 0} < min{i\bij> — 0}. 

We now prove that V n Dj is open and dense in Dj by induction on j. (By convention, we let 
Dq = 0.) The statement is void if = 0. Assume that the statement is proved for all j < jq and we 
prove it for j = jq. By Theorem l2.3.10[ we know that the set VDDjg is contained in the set W where 
the condition (|2.6p is fulfilled for each i for which bijg > 0; it follows from the definition that W is 
an open and dense subset of Dj. So, it suffices to prove that is closed in W. Since condition 

(P3)) automatically holds for closed points z e 1?°^ = -Djo\Uj<jo ^j, we have VCiDj^ = WnD"^^. It 
suffices to show that {Djg\Dj^)\V is closed in {Djg\Dj^^). By induction hypothesis, for any j < jo, 
Dj\V is closed in Dj and hence {Dj D Dj„)\V is closed in Dj D Dj^; this implies that {Djg\Dj^^)\V 
is closed in (£)jo\_D°^), finishing the inductive proof. □ 

2.3.17. Remark. The cleanness condition is a very restrictive condition. However, Kedlaya [KedlObl 
IKedll| proved that, after certain blowups, one can achieve this condition. The precise statement is 
as follows. 

2.3.18. Theorem. Let X be a .smooth variety of dimension n over k and let D be a divisor with .strict 
simple normal crossings. Let M be a differential module over X — D. Then there exists a proper 
birational morphism of smooth pairs f : (X', D') — >■ {X, D) such that f\x'-D' ■ X' — D' X — D is 
an isomorphism and f*M admits a good formal structure at each closed point of X' . In particular, 
f*M is clean on X' . 

2.3.19. Remark. One might question the need of introducing the (weaker version of) cleanness 
since we can achieve good formal structure under proper birational pullback. One reason is that the 
current version of cleanness is closed tied to the the conjecture log-characteristic cycles. Another 
reason is that, in the analogous positive characteristic situation, one do not have a notion of "good 
formal structure" . Also, one do not expect to achieve "numerically cleanness" under birational 
proper pullback; we defer the discussion of this to a later paper in this sequel. 
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3. Main theorem 
3.1. Statement of the main theorem. 

3.1.1. Definition. We now define the conjectural log-characteristic cycles. We first assume that 
we are in the local setup 11.2.11 We do not assume that M is clean, and hence the conjectural log- 
characteristic cycle may not be equal to the actual log-characteristic cycle. (See Proposition 13.2.21 
though.) 

We fix i E {1, . . . ,m}. Let Fy-j = k{X)^'^i denote the completion of the fraction field k{X) 
with respect to the height 1 valuation corresponding to Dj; let 0(j) and be its ring of integers 
and residue field, respectively. Now, we pass to the CDVF situation ll.2.1f c). We defined the refined 
irreg ularities of Af(j) = Af ® Fq) in 12.1.81 

(3.1) Ref(M(,);z) e ^ '^y^^fj^^ for ^ = l,...,d. 

1=1 ^' 

We first assume that all refined irregularities of M(j) come from the same Gal(i^^'^^/F(j))-orbit 
for some finite Galois extension i^^'^-j of F(^j)', in particular, AfQ) has pure irregularities. For each i, 
we view Ref(M(j);i) as a homomorphism 

Ref(M(,);i) : x'"^^'''>'''^ Kp^^^ ^ ^xi^ogD) Kp,^^- 

This defines a line Li in the vector space T*X^°^ x x Spec Kp' . Consider the pushforward morphism 



TT : T*Xi°SxxSpec Kp'^^^ -> T*Xi°SxxSpec Kp^^^ . Let L, denote the closure of 7r,(ii) in T*X^°SxxDj 
We define the conjectural log-characterisitic cycle over Dj to be 



, , , rankA/ • LT(Af(, 
ZCar-(Af) = ^ 



By Corollarv l2.1.11l the coefficient of the cycle Li is an integer; moreover, the definition of ZCar^(Af) 
does not depend on the choice of F^'^-j and i. 

For general Af, We write Af(j) as a direct sum of Af(j) {g^j by Proposition I2.1.l"0l iii). where 
^{j),{Gi}} satisfies the assumption above. We define the conjectural log-characterisitic cycle over Dj 
to be ZCar;(A^) = ^^^^^ ZCar;.(Af(,),{G^}). 

Finally, we define the conjectural log-characterisitic cycle of Af to be 



ZCar'(Af) = rank(A/) ■[X] + Y^ ZCar - (A/) 



where [X] is the zero section of r*X'°g. 

We use Car'(A/) to denote the support of ZCar'(Af), called the conjectural log- characteristic 
variety of Af. 

Now, we assume that we are in the global situation II. 2. 10| the smooth pair {X,D) is covered 
by open subvarieties {Vi,Vi O D), each of which satisfies the local situation ll.2.ir a). We define the 
conjectural log-characterisitic cycle of M to be the cycle ZCar'(Af) of T*X^°^ whose restriction to 
each Vi is the conjectural log-characteristic cycle ZCar'(Af|y. ) defined above. 

We first list several immediate properties of ZCar'(Af). 

3.1.2. Lemma. Assume that we are in one of the following situations: 

(i) We are in the geometric local setuv [T.2.lY a). Let z be a closed point o/p^^({0}). Then we 
have a natural morphism g : X' = SpecC;^ ^ X ; g*M may be viewed as a vector bundle over 
U' — Spec(C'^ - ■ ■ Xm\) ■ Write j' -.U'-^X' for the natural embedding. 

(ii) We are in geometric or formal setuv [L2.lY a)fb). Let rji denote the generic point of Di. 
We consider the natural morphism g : X' — SpecC^ — > X ; g*M may be viewed as a vector bundle 
over U' — Spec(fc(X)^'''^). Write j' : U' X' for the natural embedding. 
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(Hi) We are in local situation \1.2.1\ Let X" he etale over X and let X' = Spec {Ox'\x\'^\ . . . , x]JJ 
for some positive integers hi, ... , We have a natural morphism g : X' — !■ X and g* M becomes 
a vector bundle over U' — Spec(Ox'[i/xi ■ ■ ■ l/xm]); write j' :U' X' for the natural embedding. 

Then ZCar'(.g*M) = g*(ZCar'(M)), where g : T*X'^°^ t*X^°^ is the natural morphism. 

Proof. Since all the morphisms g involved are (formally) log-etale, it is straightforward to check the 
equalities of cycles. □ 

3.1.3. Remark. When M is clean over X , we may globally construct the conjectural log-characteristic 
cycle as follows. Write D = Uj^^Dj as the union of irreducible components. Fix j e {1, . . . , r}, and 
let = k{X)^^^K The refined irregularities of Af(j) = M (g) are 

Ref (M(,); G n],i\ogD) ® i^l,...,d. 

There exists a finite extension F^'^^ of Fq) such that all the coefficients of Ref (M(j) , i) lie in F^'^^ . 
Let Dj denote the integral closure of Dj in i^'p^ y Since we have assumed that M is clean over X, 

there exists Q-divisor i?-'''' = J2i ^u^ such that 

Ref(M(,);i) e (logD) (i?^) ) Cz?^. 
and it generates a direct summand of the latter. In this case, we view Ref(M(j);z) as a morphism 



from Od'Xr[''^) to ^x{logD) and let Lij denote its image, viewed as a line subbundle of the base 



change of the cotangent bundle T*X^°^ Xx D',. We define 



vr- V- Irr(Af(j-);z) 

ZCarj-(M) = _ ^ tTj^L,^), 



where tt^* is the natural morphism T*X'°s Xx Dj T*X^°^ Xx Dj. This agrees with the definition 
above. 

We remind the reader again that may not be the same as bu. (See Remark 12.3.151 ) We 

only know that the multiset of numbers = l,...,d} is the same as {bii\i = l,...,(i} = 

Irr{M (g) F(;)) (but possibly in different order). More generally, whenever j, ji, . . . , jt G {1, . . . , r} 
such that Dj n Dj^ n • • • n Dj^ ^ 0, the cleanness condition at any point of the intersection implies 
the equality of multisets of t-tuples 

(3.2) {(6g,...,6g) M = l,...,d} = {(6.,,,...,6.,J h = l,...,4 

Compare Remark l2.3.15l 

The following is the main theorem of this paper; its proof will occupy the rest of the section. 

3.1.4. Theorem. Let X he a smooth variety over k and let D be a divisor with strict simple normal 
crossings. Let (A/, V) be a vector bundle over U = X — D with an integrable connection. Let j : U ^ 
X denote the natural inclusion. Assume that M is clean on X. Then ZCar'(M) = ZCar(j,Af). 

3.1.5. Corollary. Keep the notation as in Theorem \3.1.4\ Assume that (A/, V) is clean on X. Let 
Ri denote the ramification Q-divisor. Then we have 



(3.3) XdR(M) = {c{n],i\ogD)) n (1 - R,)-'] 



where c(-) denote the total Chern class. 

Proof. By Theorem 11.4.81 and Theorem 13.1.41 we have 

XdR(M) = (-1)" • deg {[X], ZCar(j;Af))^.^,„^ = (-1)" • deg {[X], ZCar'(j;Af))^.^,^. 
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It suffices to compute the latter intersection number. For this, we use the description of ZCar(j*M) 
in Remark 13.1.31 



([X], ZCar'(j;M))^.^,„, = d{[X], + ^ ([X], ZCar^O^Af))^. 



J = l 
711 d 



= d{[X],[X])^, 



,=1 »=i ^-^0) ■ -^(j)J 



with the Segre class of D'j in L^ . Hence, 
XdR(M) 



By |Ful98| . the last intersection is given by the intersection of the total Chcrn class of ri^(logI?) 

-1)" . deg (4m, + £ Y^W^^M^xi^^sD)) ■ n.MOo'^ (-i??^))"^) 

^ j = l ^=l ^^U) ■ ^U)\ 

m d 

-1)" • deg (d • c^{n],{\ogD)) Irr(M(,); i)c(f]^(logD) • D, ■ {I - H, 

d 7n 

-ir deg U{nl,{\ogD)) + J2 Irr(M(,); z)c(ni,(logD) • D, ■ (1 - R,)-') 
i=i j=i 

d 

-l)"^deg (c„(l]^(logD)) +c(0^(logi?)) • i?. • (1 - i?,;)"' 



T*X>< 



-l)"^deg (c(l]^(logi?)) . (1 - i?0-')T. 



Here the third equality follows from 



□ 



3.1.6. Remark. It is however not clear to us why the intersection number on the right hand side of 
p.3p should a priori give an integer. One may view this as some sort of global version of Hasse-Arf 
Theorem. 

3.2. Overall strategy of the proof. In this subsection, we reduce the proof of Theorem 13 . 1 .41 to 
the calculation on Rn.m- 

First of all. Theorem 13. 1.41 is local on X, and we may assume that we are in the geometric local 
situation ll.2.1f a) . 

3.2.1. Reduction steps. We first prove that the set of closed points on the log-characteristic variety 
is contained in the set of closed points of the conjectural one, i.e. |Car(j„M)| C |Car'(A/)|. 

To prove this, we may assume that k is algebraically closed. We need only to show that for 
each closed point z £ X, we have 

|Car(j,M)| n (T*X^°s Xx {z}) =C |Car'(M)| n Xx {z}). 

For this, we may base change to 0^,2 — ^",o — klxi, . . . ,x„] upon choosing a neighborhood of 
z in X to form a pointed geometric local situation I2.3.4f a) (centered at z). Now, j^,M ® z 
becomes a differential module over Rji ^j^i — k \x i , . . . , Xn Wx-^ . . .,x-^]. By Corollary OUii) and 
Lemma l3.1.2f iii). we need to show that 

(3.4) |Car(jH.Af ® i?„,o)| n (r*Spec(i?„,o)'°^ x {z}) C |Car'(Af ® i?„,o)| n (T*Spec(i?„,o)'°^ x {z}). 

We defer the discussion of its proof to 13.2.41 below. 

We now assume |Car(j»A/)| C |Car'(M)|. It follows immediately that Car(j»A/) is restricted 
within the union of some (finite) set of (n-dimensional) varieties. In particular, they are either 
the zero section [X] of or some line bundles over the irreducible components of D (because 

ZCar'(A'/) is so). We need only to prove that the multiplicities on these varieties agree. In fact, to 
prove this, we do not even need to assume that M is clean on X, i.e., we will prove the following 
proposition, whose proof will be carried out in 13.2.71 
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3.2.2. Proposition. Keep the notation as in Theorem \3.1.4\ except that we do not assume that M is 
clean on X. Then ZCai{j^M) - ZCar'(M) is a non-negative linear combination of cycles in T*X 
supported on T*X^°^ Xx W for some closed subvariety W C D of codimension > 1. 

3.2.3. Remark. (Under the cleanness assumption,) one may hope to prove ZCar'(M Rn,o) = 
ZCar(j*M Rn,o) directly from local calculation. However, we do not know how to work out the 
detail, unless m = 1 or when M has a good formal structure. This is why the proof has to proceed 
in two steps: checking supports and then matching multiplicities. 

3.2.4. Local calculation. Now, we are back to the proof of (13.41) . het X = SpecR^Q, D = V{xi ■ ■ ■ Xm) 
and z be the origin. Let M be a differential module over U — Speci?„^m clean at z. We keep in mind 

that Corollarv l 1 . 2 .9r iii) and Lemma [3.1.2r iii) always allow us to replace Rn,o by Rn,o[x\^^^ , ■ ■ ■ , a^m'''"] 
for positive integers hi, ... , hm- By the direct sum decomposition given by combining Theorem l2.3.10l 
with Theorem 12.2.15^ 11') , we may as well assume that AI ® Fr has pure partially intrinsic radii 

^-b,ri &„r„ fQj. ^ g [0, oo)™ X {0}"-™, and there exist ^ ^ (6*1, . . . , 6'„) G fc"\{0} and a local 

ring m finite over fc|xm+i, . . . , x„] such that 



Ref"(M F^; i) = 6i 1 h 0^ — — + 0,n+idx,n+i H h Ondxn mod 

Xl Xyyi 



for any i and any r G (0, oo)™ x {0}" ™. 

If we let denote the image of Xjdj if j < ni and of dj if j > m, gr,2?J^^ ~ Rn.o[£,i, . . . ,£,n]- 
The claim p.4p follows from the explicit calculation in the following two propositions. 

3.2.5. Proposition. Keep the notation as above. If bi = ■■■ = 6„i = 0, ZCar'(M) — d- [X]. 
// (6i, . . . ,fe,„) ^ (0, ...,0), then |Car'(M)| n {T*X^°^ Xx {z}) is the closed subset defined by 

= and 9j^i = 9i^j for all i ^ j; in particular, this is a line in T*X^°^ Xx {z}. 

Proof. When bi = ■ ■ ■ = b„i ~ 0, M is regular along each of Dj and hence ZCar'(M) = d ■ [X] by 
definition. 

Now, we assume that (5i, . . . , bm) 7^ (0, . . . , 0). It suffices to prove that if bj ^ 0, we have 
|ZCarj(M)| n (r*X'°s x^ {z}) is exactly Z^. Without loss of generahty, we assume j = 1. Recall 
that Fjx) is the completion of Frac(i?,i,o) with respect to the xi-valuation. Since M is clean at z, 
there exists an integral scheme Di finite over Di such that 

Ref (M ® F^jy,i) e x^^' ■ ■ ■ x"^- [O^^— ® ■ ■ ■ O Of,^— O Of^^dxm+i © • • • ® Of^^dxn) 

for any i. We write Ref(Af ® F^j)-i) ^ Q'^^^ + ■ ■ ■ + 6'-„if^ + + ' ' ' + ^'in^Xn for any 

i. Applying Proposition 12.3.2] to Fid implies that 9[j = 6j modulo \J {x2, ■ . ■ , Xn)Of)_^ for any i and 

j. By the definition of ZCar'i(M), we see that |Car'i(M)| n (T*X'°s xx {z}) is precisely given by 
Z§, finishing the proof. □ 

3.2.6. Proposition. Keep the notation as above. If bi = ■■■ = = 0, ZCar(Af) — d- [X]. If 
(61, . . . , bjn) 7^ (0, ... , 0), then |ZCar(M)| n (T*X^°s Xx {z}) is contained in the closed subset defined 

= ^iCj fof 0,11 i 7^ j • o,nd Xi — ■ ■ ■ = Xn. 



Proof. This is the crux of the proof of the main theorem. We will prove it in Subsection 13.41 □ 

3.2.7. Proof of Provosition \3.2.°A We remind the reader that we do not assume any cleanness on M 
for this proof. First of all, since M is coherent over U , the log-characteristic cycle of M over U is the 
same as the characteristic cycle over U , which is simply d copies of the zero section of T*U . Hence 
ZCar(A/) - d ■ [X] is a non-negative combination of cycles of T*X^°^ supported on T*X^°^ F)- 

Now, fix Dj an irreducible component of D. We need only to show that ZCar'(Af) — ZCar(j,M) 
has no support above the generic point rjj of Dj . By Corollary ll.2.9[ we may assume that we are 
in the CDVF situation ll.2.ir c). in other words, we are in the setup of Definition 13.1.11 The claim 
then follows from Proposition l3.2.8l below . finishing the proof. 
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3.2.8. Proposition. Assume that we are in the local CDVF situation ] 1. 2. l]f c). We take F = k{X), 
Ox = Of, and ttf = xi. Let M be a [di, ... ,dn)- differential module of rank d over F. Then 
ZCar(M) = ZCar'(iV/) as cycles in T*X'^°^ — Spec(oj;^[^i, . . . where denote the image of 

Xidi and denote the image of dj for j — 2, . . . ,n. 

Proof. By Corollary ll.2.9r iii) and Lemma 13.1.2^ 111). we can always replace F by F'(a;J^'') for a 
positive Integer h and a finite extension F' of F. By Hukuhara-Levelt-Turrlttin decomposition (see 
for example [KedlObl Theorem 2.3.3]), we may assume that M = E{(j)) (g) Reg, where 

• E{(j)) Is the differential module of rank 1, generated by e such that dj{e) = dj{(t>)e for some 
(j) £ F, and 

• Reg Is a regular differential module over F. 

Let b = — wf(0) and, let 9i denote the reduction of x\'^^di{4') In kf and let 9j denote the reduction of 
x\dj{4') in for j = 2, . . . , n. When b > Q,V has pure Irregularities b and pure refined Irregularities 

dx dx " 

Ref(M) = d0 = x^''9i— + x^^92dx2 H h x^''9ndxn e {x^''kf)— ® ^{x];''KF)dxj. 

According to Definition 13.1.11 ZCar'(M) — d ■ [X] + d ■ Irr(V") • Z^}, where [X] Is the zero section 
^1 = • • • = ^„ = and Is the cycle defined by 9j£_j' = ^j9j' for aU 

We pick an o i?-lattlce Regg of Reg that is stable under Xidi,d2, ■ . ■ ,dn. (The existence of such 
lattice is well-known, see [KedlObl Proposition 2.2.15] for example.) 

We use Mq = e (S> Regp to define the log-characteristic cycle as in Definition 11.2.61 There are 
two cases we need to treat separately. 

(I) If & = 0, we then have • A/q — Mq and it is Ox-coherent. In particular, we can provide 
it with the trivial flhration and hence ZCar(M) =d-[X] in T*X^°s^ This agrees with the definition 
of ZCar'(M). 

(II) If 6 > 0, one easily sees by Remark |2 . 1 .91 that 9i E Kp. This implies that Of ■ xidi{AIo) = 
x^''Mo and dj{Mo) C x^^Mq for any j = 2, . . . , n. Hence, V^^^ ■ Mq = M. We give M a filtration by 
filaM = if a < and a;]~"^Mo if a > 0. We pick an OF-basis ei, . . . , of Regp. Then the action 
of on the graded module gr,M is given by 



^,(xr"'e®e,) 



j a;i9i((/))a::j "^^^^^e (g) if j = 1 



9j(0)a;p^''+^^e®e, if j e{2,...,n} 

for any i e {1, . . . ,d}. This implies that as an Of[£,1: ■ ■ ■ ,Cn]-™odule, gr.Af is isomorphic to 

(of [6, . . .,U/i4ii,4^'d,m, - x\d^muj = 2, . . . ,n))®'. 

But wc know that x\'^^di{4>) = 9i and x\dj{4>) = 9j modulo xiOp. Hence, ZCar(M) is exactly the 
same as ZCar'(M). □ 

3.3. Local calculation using good formal structures. In this subsection, we prove Proposi- 
tion |32S1 In the case when we have a good formal structure at z. This calculation is basically due 
to Kato [Kato941 §1]. We include it here because it is a toy version of the calculation in the next 
subsection. In fact, we will prove the following stronger result. 

3.3.1. Proposition. Let X — Speci?„_0; D — V{xi ■ ■ ■ x„i) and z be the origin. Let cj) = ax^^^^ ■ ■ ■ 
with a £ Rn Q and 6i, G N. Let M = E{(j)) >S> Reg, where E{(j)) is the differential module de- 

fined in Definition \2.2.9\ and Reg is a regular differential module of rank d over Rn,m- Then we 
have an equality of cycles 

ZCar'(M) = ZCar(M). 

Proof. As usual, we use denote the image of Xjdj if j < to and of dj otherwise, in gr,I?J^^; then 
gr.2?;^s = i?„,o[ei,...,U. Write 

d(j) = X^''^ ■ ■ ■ X^j''" (6*1 H h 9rn — + 9m+ldXm+l H h 9„dXn) , 

where 6j = — 6^0; + Xjdj{a) if j < m and Oj = dj{a) otherwise. 
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We first compute ZCar'(M). Since Reg is regular, for each bj > 0, M eg) Ff^j-f has pure refined 
irregularities d(f>, viewed as an element in Xi''^ • ■ ■ x ;;^'''^n]^(\ogD) (g) Od,- Hence ZCar^(M) is the 
cycle defined by xj = and ^["'''Ci = ^[''''^ for all i,l, with multiplicity bj, where means the 
reduction from Ox to Odj- 

Then we compute the log-characteristic cycle ZCar(M). Let Regg be a regulating lattice 
[KedlObj Theorem 4.1.4 and Definition 4.1.8] of Reg, i.e., Regg is a free differential module over Rn,o, 
equipped with derivations xidi, . . . , Xmdm,dm+i, • • • , 5„, and an isomorphism Reg ~ Regg ®i?„ „ 
Rn,m- We choose a basis ei, . . . , for Regg over i?„_o- Let e denote the standard generator of 
as in Definition 12.2.91 As in Definition ll.2.6[ we take Mq = e (g) Regg . 

When bi = ■ ■ ■ — bjn — 0, Mq is stable under the action of V^^^ and it is coherent as an i?„.o- 
module. In this case, we can provide Mq with the trivial filtration and ZCar(M) is simply the zero 
section of r*X'°s with muhiphcity d; this agrees with ZCar'(M). 

From now on, we assume that bj are not all zero. Without loss of generality, we assume 
that bi,...,bi > and 6;+i = ••• = = 0. This implies that 9i = —bia + xidi{a) € Rno- 
Since xidi{e) = 9ie, we conclude that i?„^g • xi9i(Mg) D x^^'^ ■ ■ ■x'^^^Mq. Moreover, Xjdj{MQ) C 
'Mg for all j. This implies that Mq ~ V"^ • Mq = Rn,i <S>r^^o Mq. We provide it with the 



following filtration: fiUMg = if a < and fiUMg = (x^^^ ■ ■■x'['")'^Mq if a > 0. Then we have 
_ ( if a < 0, 

g^a^^o = I ®'Li ^nfi • e ei if a = 0, 

I ©t 1 Rn.^liA" ■ • • • ^r"'' • • • a^r"'' e ® e, if a > 0. 
The action of f j on this graded module is given by 

(xr"'^ • • • a;r"'"e ® e,) = 9, ■ x^^''^''' ■ ■ ■ a;p('"+'^e ® e, 
for any j G {1, . . . , n} and any i G {1, . . . , d}. This implies immediately that as a -Rn.oKii • ■ • i fn]- 
module, gr.Mg is isomorphic to 

(i?„.oKi, • • ■ --^Hi^Oiij ~ 9,^,;j = 2, . . . 

Hence, ZCar(M) is exactly the same as ZCar'(M). □ 

3.3.2. Remark. If we start with M having good formal structure at each closed point of X, we may 
simplify the proof of Theorem 13 . 1 .41 bv skipping the argument at the generic points of D, because 
we have already matched the multiplicity here. 

3.4. Local calculation in the clean case. Now, we prove Proposition 13.2.61 under the cleanness 
condition. We assume that k is algebraically closed in this subsection. We start by recalling the 
setup. 

3.4.1. Setup. For notational convenience, we denote t = x\^ ■ ■ ■ x\^ . Let M be a finite differential 
module over Rn,m or rank d. Assume that M ® Fr_ has pure partially intrinsic radii e"''^''^ bmr„i. 
for all r e [0,oo)" x {0}"""', and there exist 9 = (9i, . . . ,6'„) G fc"\{0} and a local ring finite 
over k\xm+i, • • • , such that 

t ■ Ref''(M (g) Fr]i) = 9i 1 h 9,n — — + 9jn+idxm+i H 1- 9ndxn mod m<H 

Xl Xra 

for any i and any r G (0, oo)™ x {0}"~™. 

We write Aj — Xjdj if j < m and Aj — dj if j > m. Also, we denote ujj — if j < m and 
LUj — dxj if J > m. 

3.4.2. Lattice over Rn.o- Denote M(i) = M ® F(^i'j ior i = 1, . . . , m. By |Xi09-|-[ Lemma 1.4.14], we 
may find a norm | ■ Im^^ on Af(j) such that |Aj|7v/(.) < for j = 1, . . . ,n. Define 

Mq = {x e M I |a:|M(i) < 1 for i = 1, . . . , m}. 

3.4.3. Lemma. The Rnfi-module Mq is finite over Rnfl, generically of rank d; it generates M over 

Rn.m • 
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Proof. We first prove finite generation over Rn,a- Note that M is projective over Rn.m- There exists 
a finite (projective) module M' over such that M = M (B M' is finite and free over Rn,m] let 

ei,...,es denote a basis. Assign M'(8)i^(i) any ^(jj-norni | • Im^'.^ which induces an -norm | • |jg^^ on 

M(j-) = M ® .Ffj) . It suffices to show that Mq := {a; G M | |a;| < 1 for i = 1, . . . , m} is finite over 

Rn.Q because Mq is a submodule of Mq. Write ilfg = Rnfi^i by choosing some basis. For any 

consider a different norm | • | ^-^ by taking ei , . . . , to be an orthonormal basis; this is (topologically) 

equivalent to | • Im^.j- In particular, there exists A^^ G Z such that \x\'j^j < \xi[p^^ ■ Is^l^^.^ for any 

X G M(i). This implies that Mq C x^^ ■ ■ ■ x^Mq. Hence Mq is finite, so is Mq. 

For the rest of the statement, pick any finitely generated i?„_o-submodule Afg of M such 
that it generates M. Then |Mg|(j) is bounded above for any i. In particular, this implies that 
x1^ ■ ■ ■ x'^^Mq C Mq for some ai, . . . , a™ G N and hence Mg generates M over Rn,m and has generic 
rank d. □ 

3.4.4. Lemma. For any a ^"L and any j, we have Aj(t~"Mg) C t^"^"'^Afg. 

Proof. This follows immediately from the fact that |Aj|jv/|.j < for any Aj. □ 

3.4.5. Filtration on Mq. Without loss of generality, we assume that bi, . . . ,bi > and 6;+i = . . ■ = 
b„i = 0. By Proposition l3.4.6l below. we have Mq = 2?J^^ • Mq — Rnj ®R„^a Mq. We provide Mq with 
the following filtration: filo-Mg = if a < and filaMg = t^"A/g if a > 0. Then we have 

_ r if a < 0, 

gr^Afg = <^ Mq if a = 0, 

I ©ti ^n,o/(t) «>fl.,,o t-"A/fo ifa>0. 

3.4.6. Proposition. If Oj ^ for some j, then we have Rn,Q ■ Aj((t^"Mg) = t^^^^A/g, for any 
a G Z. As a consequence, fil.Afg is a good filtration. 

Proof. The hypothesis of the lemma already implies that 5i, . . . , &m are not all zero. Without loss of 
generality, we assume that bi > 0. Let e G t~"Afg. Let Af^'i) denote the 9j-differential submodule of 
Af(i) generated by e. Now, we take the log-structure to be Log = {dj} if j < m and to be Log = if 
j > m. Then M'^^-^ has pure partially intrinsic 9j-radii and any refined partially intrinsic radii 

is of the form t~^0'cjj, where 9' G IHi for some local ring finite over k\x2, . . . ,a;„]] and 9' = 9j 
mod mtHj . We write the twisted polynomial associated to e with respect to the differential operator 

Aj (not dj) as + aiX''^^ H ^ a^, where ai, . . . ,0^ G F(iy By |Xi09-|-l Remark 1.3.29], we 

may apply |Xi09-|-[ Corollary 1.3.13] to the differential operator Aj (note that |Aj|i?^^j < 1); from 
this we know that 

Vai - {-OjY G a;iO_F(j) + (x2, . . . , a;„)fc|a;2, . . . , a;„] 

for any i — 1, . . . , s. Now, by the definition of twisted polynomial, we have f*"^ Aje+t*^^aiAj^^e + 
• • ■ + t^^^flgG = 0. Hence, 

-t-^-e^ye = t'-^A^e + t'-^aiA'-^e + ■■■+ t'-'^a,e - t-\-9jye 

= t"-iA;:e + t^-^aiA^'-^e + ■ • ■ + t-i(t"a^ - {-0jy)e 

We observe that the last term of the equation above belongs to 

{xiOf^^ + ix2, ■ ■ ■ ,Xn)klx2, . . . , Xnf) ■ t^"^^ Mq, 

and, by Lemma l3.4.4[ we have, if j > m 

t^-ia.Ape = tXAp(t^-'-ie) G (xiOf^ + fc[x2, . . . , M) • Aj(t-"A/o), 
and if j < m 

t'-^a,Ape = ea,Aj{t''-'-\Ap-^ + (s - ^ - l)Ap-^ + (s - i - l)(s - ^ - 2)Ap-^ + ■ • ■ )e) 
G (xiOF(i, +klx2,...,xnj) • A,(t""Afo). 
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Therefore, we may write — t ^{—OjYe as ei + 62 + 63, where 

ei G xiOf,,, ■ t-"-iA/o, 

62 e {x2, . . . , Xn)klx2, . . . , a;„| ■ t"""^Afo, 

63 e klx2,...,x„i- Aj{t-"Mo). 

Viewing ei = -t-^^-ej^e - 62 -63 forces ei G M and |ei|A/(,) < \xi\-^°'+'^'>'" for ^ = 2,...,n. 
Moreover, we know that leijA/^^j < \xi\^^°'^^'>''^^^ , yielding ei £ xi ■ t^°'^^AlQ. Since e is arbitrary 
and 9j ^ 0, we conclude that 

t-^-Hlo C R„^o ■ A,(t-"A/o) + (a;i, . . . , a;„)t-"-iMo. 
The proposition follows by Nakayama's lemma. □ 

3.4.7. Corollary. If0j 7^ for some j, Aj induces an Rn.o-linear isomorphism t^"A/o/t^"^^A/o 
t-'^-'^Mo/t^^Mo for any a G Z. As a consequence, gr.Afg is isomorphic to Mq (8'_r„_o Rn,o[^j]/ (^Cj) 
as an Rnfl[S,j]-module. 

Proof. The first statement follows from Proposition |3A6] and the fact that Aj(t~"i?„^o) Q t~"i?„^o 
for any a G Z. The second statement follows immediately. □ 

3.4.8. Proof of Provosition [KKB[ Keep the notation as before. First of all, if 61 = • • ■ = 6™ = 0, Mq 
is coherent and the filtration is trivial. Obviously, ZCar(Af) — d ■ [X]. 

Now, we assume that b 0. Without loss of generality, we assume that 61 > 0. As above, 
we have a good filtration on Mq. Fix j such that 0j ^ 0. By an easy commutative algebra 
Lemma [3.4.91 below, we need only to show that, for any i E {!,... ,n}, the action of di£,j ~ 9j^i is 
nilpotent on gr,Afo/(xi, . . . ,x„) as an i?„,o[Cii • ■ • ,Cn]"module. Let A ;= OiAj — OjAi. Recall that 
Aj : gr^A/o gr„+iA'/o is an isomorphism. So, in explicit terms, we need only to show that, for 
any a £ N and any e e filaA/o, A''(e) C {xi, . . . , XjJfila+dAiTo. 

We only consider the differential operators di and dj. Now, we take the log-structure to be 
Log = {di, . . . ,dm}<^{di,dj}. As in previous lemma, we consider Afig)F(i), which has pure partially 
intrinsic radii and any refined partially intrinsic radii is of the form t~^'d, where i? G IHi for 

some local ring d\i finite over fc|x2, . . . , a;„]] and d = Oj^ujj^ + Oj^uij^ modulo m<Hi. 

We claim that if we view M ® F^i^ as a A-differential module over such that any Jordan- 
Holder factor either has A-radii > |a;i|~''i, or has A-radii |a;i|~^^ and its refined A-radii lies in 
t^^miRj for some local ring 5Hi finite over fc|a;2, . . . , Indeed, we may first apply Proposi- 

tion [2JTTni[iii) to reduce to the case when AT ® has pure refined partially intrinsic radii. Then 
we apply |Xi09-|-[ Theorem 1.4.20] to conclude. Strictly speaking, A is not a differential operator of 
rational type, but one uses |Xi09-H[ Remark 1.4.22] and the fact that lAI^-^^j = 1. 

As above, we now pick any e G filaA^o = t~"A/o. It generates a A-differential submodule of 
M (g) i^(i). Let AT* -f aiX^^^ + ■ ■ • + Os denote the twisted polynomial associated to e with respect 
to the differential operator A. By the claim above and |Xi09-|-[ Corollary 1.3.13] (using the version 
described in |Xi09-H Remark 1.3.29]), we know that 

Vai G xiOf^^ +{x2,.. . ,x„)fc[a;2, . . . 

for any i — 1^ . . . , s. This implies that 

A''(e) = -aiA'-\e) a,e G {xiOp^,^ + (a^a, . . . , a;„)fc|a;2, . . . , x„l)t""-"Afo. 

Therefore, we can write A*(e) as ei + 62 with 

ei G XlOF^^^ ■t-^'-'Mo, and ea G (xa, . . . , a;„)fc|a;2, . . . , x„] ■ t-^-'^Afo. 

Writing ei — A*(e) —62 forces ei G Af and |ei|7\f^jj < |^("+^^''' for I ~ 2,...,n, yielding 
ei G xi • t^""*Afo. Hence, we have A''(e) G (xi, . . . , a;„)t^"~'*Afo, which trivially implies that 

A''(e) G A'^-^((xi,...,x„)t-"-^Afo) C (xi,...,x„)t-"-'^Afo. 
This finish the proof of Proposition 13.2.61 
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3.4.9. Lemma. Let R be a noetherian ring and let N be a finite R-module. Let p 6e a prime ideal of 
R. Let r £ R he an element such that r'^N C pN for some positive integer d. Then Supp(A?') n {p} 

is contained in the closed subset Z{r) defined by r. 

Proof. Pick m € Supp(iV) n {p}. If r ^ mi?™, r € R^ the condition would imply that = r'^'N^ C 
P-^m C mN-m. By Nakayama's lemma, N-m = 0, which is a contradiction. Hence, r G mRm and the 
lemma follows. □ 
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